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Φ-HARMONIC MAPS
AND Φ-SUPERSTRONGLY UNSTABLE MANIFOLDS
YINGBO HAN∗ AND SHIHSHU WALTER WEI∗∗
Abstract. In this paper, we motivate and define Φ-energy den-
sity, Φ-energy, Φ-harmonic maps and stable Φ-harmonic maps.
Whereas harmonic maps or p-harmonic maps can be viewed as crit-
ical points of the integral of σ1 of a pull-back tensor, Φ-harmonic
maps can be viewed as critical points of the integral of σ2 of a
pull-back tensor. By an extrinsic average variational method in the
calculus of variations (cf. [13, 38, 37, 14]), we derive the average
second variation formulas for Φ-energy functional, express them in
orthogonal notation in terms of the differential matrix, and find
Φ-superstrongly unstable (Φ-SSU) manifolds. We prove, in par-
ticular that every compact Φ-SSU manifold must be Φ-strongly
unstable (Φ-SU), i.e., (a) A compact Φ-SSU manifold cannot be
the target of any nonconstant stable Φ-harmonic maps from any
manifold, (b) The homotopic class of any map from any manifold
into a compact Φ-SSU manifold contains elements of arbitrarily
small Φ-energy, (c) A compact Φ-SSU manifold cannot be the do-
main of any nonconstant stable Φ-harmonic map into any manifold,
and (d) The homotopic class of any map from a compact Φ-SSU
manifold into any manifold contains elements of arbitrarily small
Φ-energy (cf. Theorem 1.1(a), (b), (c), and (d).) We also provide
many examples of Φ-SSU manifolds, and establish a link of Φ-SSU
manifold to p-SSU manifold and topology. The extrinsic average
variational method in the calculus of variations that we have em-
ployed is in contrast to an average method in PDE that we applied
in [5] to obtain sharp growth estimates for warping functions in
multiply warped product manifolds.
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1. Introduction
Symmetric 2-covariant tensor fields α on a Riemannian manifold
M of dimension m such as the Riemannian metric of M , the Ricci
tensor of M , a second fundamental form (for a given direction) of an
immersion of M , the pull back metric tensor u∗h on M from a smooth
map u : (M, g) → (N, h) , F -stress energy tensor of u (where F :
[0,∞)→ [0,∞) is a C2 strictly increasing function with F (0) = 0, cf.
[7]), etc are of fundamental importance. At any fixed point x0 ∈M , α
has the eigenvalues λ relative to the metric g ofM ; i.e., them real roots
of the equation det(gijλ−αij) = 0 where gij = g(ei, ej), αij = α(ei, ej) ,
and {e1, · · · em} is a basis for Tx0(M) . The algebraic invariants - the k-th
elementary symmetric function of the eigenvalues of α at x0, denoted by
σk(αx0), 1 ≤ k ≤ m frequently have geometric meaning of the manifold
M or the map u on M with analytic, topological and physical impacts.
For example, if we take α to be the Ricci tensor of M , then σ1(α) is
the scalar curvature of M and is a central theme of Yamabi problem
([32, 1, 26, 15]) and conformal geometry (e.g. [3], [6]). If we take α
to be the above second fundamental form, then σ1(α) and σm(α) are
the mean curvature and the Gauss-Kronecker curvature (for that given
direction) respectively. In the study of prescribed curvature problems
in PDE, the existence of closed starshaped hypersurfaces of prescribed
mean curvature in Euclidean space was proved by A.E. Treibergs and
S.W. Wei [33], solving a problem of F. Almgren and S.T. Yau [41].
While the case of prescribed Guass-Kronecker curvature was studied
by V.I. Oliker [25] and P. Delanoe¨ [4], the case of prescribed k-th mean
curvature, in particular the intermediate cases, 2 ≤ k ≤ m − 1 were
treated by L. Caffarelli, L. Nirenberg and J. Spruck [2].
On the other hand, from the viewpont of geometric mapping theory,
the energy density e(u) of u, the p-energy density ep(u) of u and the
F -energy density eF (u) of u are
1
2
σ1(α) ,
1
p
(
σ1(α)
p
2
)
and F ◦ (σ1(α))
respectively, where α is u∗h , 1 ≤ p < ∞, and F is the function as
above.
In this paper, we define Φ-energy density eΦ(u) of u to be a quarter
of the second symmetric function σ2 of α , given by
(1.1)
eΦ(u) =
1
4
σ2(α) , whereα = u
∗h ; i.e. , eΦ(u) =
1
4
m∑
i,j=1
〈du(ei), du(ej)〉2 .
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Here {e1, · · · em} is a local orthonormal frame field on M , and du is
the differential of u . Just as the energy E(u) , the p-energy Ep(u) and
the F -energy EF (u) of u are the integrals of the energy density e(u)
of u , the p-energy density ep(u) of u and the F -energy density eF (u)
of u respectively over the source manifold M with the volume element
dx, so we define the Φ-energy EΦ(u) of u to be
(1.2) EΦ(u) =
∫
M
eΦ(u) dx .
Similarly, just as u is said to be harmonic, p-harmonic, and F -harmonic
if it is a critical point of the energy functional E(u) , the p-energy
functional Ep(u) and the F -energy functional EF (u) of u respectively
with respect to any smooth, compactly supported variation of u, so we
make the following.
Definition 1.1. A smooth map u is said to be Φ-harmonic if it is a
critical point of the Φ-energy functional EΦ with respect to any smooth
compactly supported variation of u , stable Φ-harmonic or simply Φ-
stable if u is a local minimum of EΦ(u) , and Φ-unstable if u is not
Φ-stable.
We apply an extrinsic average variational method in the calculus of
variations ([36]) and find a large class of manifolds of positive Ricci
curvature that enjoy rich properties, and introduce the notions of su-
perstrongly unstable (SSU) manifolds and p-superstrongly unstable (p-
SSU) manifolds ([38, 37, 34]).
Definition 1.2. A Riemannian manifold N with its Riemannian metric
〈 , 〉N is said to be superstrongly unstable (SSU) , if there exists an
isometric immersion of N in (Rq, 〈 · 〉Rq) with its second fundamental
form B, such that for every unit tangent vector x to N at every point
y ∈ N , the following symmetric linear operator QNy is negative definite.
(1.3)
〈QNy (x), x〉N =
n∑
β=1
(
2〈B(x, eβ),B(x, eβ)〉Rq − 〈B(x, x),B(eβ, eβ)〉Rq
)
and N is said to be p-superstrongly unstable (p-SSU) for p ≥ 2 if
the following functional is negative valued.
(1.4) Fp,y(x) = (p− 2)〈B(x, x),B(x, x)〉Rq + 〈QNy (x), x〉N ,
where {e1, . . . , en} is an orthonormal frame on N .
4 YINGBO HAN AND SHIHSHU WALTER WEI
In this paper we show that the extrinsic average variational method
in the calculus of variations employed in the study of harmonic maps,
p-harmonic maps, F -harmonic maps and Yang-Mills fields can be ex-
tended to the study of Φ-harmonic maps. In fact, we find a large class
of manifolds with rich properties, Φ-superstrongly unstable (Φ-SSU)
manifolds, establish their links to p-SSU manifolds and topology, and
apply the theory of p-harmonic maps, minimal varieties and Yang-Mills
fields to study such manifolds. With the same notations as above, we
introduce the following notions:
Definition 1.3. A Riemannian n-manifoldN is said to be Φ-supersrongly
unstable (Φ-SSU) if there exists an isometric immersion ofN in Rq with
its second fundamental form B such that, for all unit tangent vectors x
to N at every point y ∈ N , the following functional is always negative-
valued:
(1.5) Fy(x) =
n∑
β=1
(
4〈B(x, eβ),B(x, eβ)〉Rq − 〈B(x, x),B(eβ, eβ)〉Rq
)
,
Examples of Φ-SSU manifolds include n-dimensional elliptic parabo-
loid in Rn+1, {(x1, . . . , xn, y) : y = x21+· · ·+x2n} , the standard n-sphere
Sn , for n > 4, certain minimal submanifolds in ellipsoids and in convex
hypersurfaces, etc. (cf. Section 7.)
Furthermore, we prove, in particular,
Theorem 1.1. If N is a compact Φ-SSU manifold, then
(a) For every compact manifoldM , there are no nonconstant smooth
stable Φ-harmonic map u :M → N .
(b) The homotopic class of any map from M into N contains ele-
ments of arbitrarily small Φ-energy.
(c) For every compact manifold N˜ , there are no nonconstant smooth
stable Φ-harmonic map u : N → N˜ .
(d) The homotopic class of any map from N into N˜ contains ele-
ments of arbitrarily small Φ-energy.
The cases (1)N is Sn, n ≥ 5 and (2)N is a minimal submanifold in
the unit sphere with RicN ≥ 3
4
n satisfying properties (a) and (c) are
due to S. Kawai and N. Nakauchi (cf. [17, 18]). These are analogs
of the following: Sn, n > 2 is not the domain of any nonconstant
stable harmonic maps into any Riemannian manifold due to Xin ([40]),
Sn, n > 2 is not the target of any nonconstant stable harmonic maps
from any Riemannian manifold due to Leung [22] and Wei [34], and a
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minimal k-submanifold N in the unit sphere with RicN > (1− 1
p
)k, p <
k is neither the domain nor the target of any nonconstant stable p-
harmonic maps (cf. [38]).
For brevity we call such a manifold with properties (a), (b), (c) and
(d), Φ-strongly unstable (Φ-SU). That is,
Definition 1.4. A Riemannian manifold N is Φ-strongly unstable (Φ-
SU) if it is neither the domain nor the target of any nonconstant smooth
Φ-stable harmonic map, and the homotopic class of maps from or into
N contains a map of arbitrarily small energy.
This leads to the study of the identity map on a Riemannian man-
ifold. In particular, if N is Φ-SU, then the identity map of N is Φ-
unstable. For convenience, we make the following
Definition 1.5. A Riemannian manifold N is Φ-unstable (Φ-U) if the
identity map IdN on N is Φ-unstable.
and obtain the following results.
Theorem 1.2. (cf. Section 4) Let N be a compact manifold. Then (A)
N is Φ-SSU ⇒ (B) N is Φ-SU ⇒ (C) N is Φ-U .
What seems to be remarkable is that the above results (A)⇒ (B)⇒
(C) go the other way around on certain compact homogeneous spaces
and are in sharp contrast to p-harmonic maps where there are gap
phenomena that dash the hope for (C) ⇒ (B) ⇒ (A) (cf. [37]).
Theorem 9.1 Let N = G/H be a compact irreducible homogeneous
space of dimension n with first eigenvalues λ1 and scalar curvature
ScalN . Set the following properties (A) through (D):
(A) N is Φ-SSU.
(B) N is Φ-SU.
(C) N is Φ-U.
(D) λ1 <
4
3n
ScalN .
Then the following holds:
(A) ⇔ (B) ⇔ (C) ⇔ (D) .
Furthermore, we establish a link of Φ-SSU manifold to p-SSU mani-
fold and topology:
Theorem 6.1 Every Φ-SSU manifold is p-SSU for any 2 ≤ p ≤ 4
and every compact Φ-SSU manifold is 4-connected, i.e. π1(N) = · · · =
π4(N) = 0.
6 YINGBO HAN AND SHIHSHU WALTER WEI
Theorem 7.2 (Sphere Theorem) Every compact Φ-SSU manifold
with dimension n < 10 is homeomorphic to the n-sphere Sn.
The extrinsic average variational method in the calculus of variations
is in contrast to an average method in PDE that we applied in [5] to
obtain sharp growth estimates for warping functions in multiply warped
product manifolds.
2. Fundamentals of Φ-harmonic Maps
Let u : M → N be a smooth map between compact Riemann-
ian manifolds of dimension m and n respectively, T ∗M be the cotan-
gent bundle of M , and TN be the tangent bundle of N . We denote
u−1TN = {(x, v) ∈M×TN : u(x) = π(v)} , the pull-back bundle, that
is the vector bundle over M induced by u from the tangent bundle π :
TN → N . Then the differential du of u is a differentiable 1-form with
values in the pull-back bundle u−1TN , or du ∈ Γ(TM∗⊗ u−1TN)
is a section of the bundle TM∗
⊗
u−1TN → M . To simplify the no-
tation, let 〈Y,Z〉 = 〈Y,Z〉N for all vector fields Y and Z on N , and
∇u be the pull-back connection. Choose a compactly supported one-
parameter C2 family of C1 maps Ψ(·, t) = ut(·),−ε < t < ε such that
Ψ(·, 0) = u0(·) = u(·) and dutdt ∣∣
t=0
= v is C1 and a two-parameter C1
variations Ψ(·, s, t) = us,t,−ε < s, t < ε such that
V =
∂us,t
∂s
, v =
∂us,t
∂s
∣∣
(s,t)=(0,0)
, W =
∂us,t
∂t
and w =
∂us,t
∂t
∣∣
(s,t)=(0,0)
.
We shall denote the pull-back connection by ∇ψ from Ψ.
Proposition 2.1 (First variation formula for Φ-energy EΦ).
d
dt
EΦ(ut) = −
∫
M
〈
V,
m∑
i,j=1
∇Ψei
(〈dΨ(ei), dΨ(ej)〉dΨ(ej))〉 dx,
where {e1, · · · , em} is a local orthonormal frame field on M , and V =
dΨ( ∂
∂t
).
Proof. Since the Lie bracket [ ∂
∂t
, ei] = 0 ,
(2.1)
∇Ψ∂
∂t
(
dΨ(ei)
)
= ∇Ψei
(
dΨ(
∂
∂t
)
)
+ dΨ([
∂
∂t
, ei])
= ∇Ψei V .
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Since for every f ∈ C∞(M) ,
(2.2) ei(f) = 〈gradMf, ei〉M = divM(fei)
at a point in M , (1.1), (2.1) and (2.2) imply that
(2.3)
∂
∂t
eΦ(ut) =
1
4
∂
∂t
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉2
=
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉〈∇Ψ∂
∂t
(
dΨ(ei)
)
, dΨ(ej)〉
=
m∑
i,j=1
〈∇ΨeiV, dΨ(ej)〉〈dΨ(ei), dΨ(ej)〉
=
m∑
i=1
〈
∇Ψei V,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
=
m∑
i=1
ei
〈
V,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
−
m∑
i=1
〈
V,
m∑
j=1
∇Ψei
(〈dΨ(ei), dΨ(ej)〉dΨ(ej))〉
= divM
( m∑
i=1
〈
V,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
ei
)
−
〈
V,
m∑
i,j=1
∇Ψei
(〈dΨ(ei), dΨ(ej)〉dΨ(ej))〉.
Since d
dt
EΦ(ut) =
∫
M
∂
∂t
eΦ(ut) dx , integrating both sides of (2.3) and
applying the divergence theorem, we obtain the desired. 
Corollary 2.1. ([17])
dEΦ(ut)
dt
∣∣
t=0
= −
∫
M
〈
v,
m∑
i,j=1
∇uei
(〈du(ei), du(ej)〉du(ej))〉 dx.(2.4)
Corollary 2.2. A smooth map u is Φ-harmonic if and only if u satisfies
(2.5)
m∑
i,j=1
∇uei
(〈du(ei), du(ej)〉du(ej)) = 0.
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Proof. This follows at once from the definition of Φ-harmonic map and
Proposition 2.1, the first variation formula of Φ-energy. 
Corollary 2.3 (Example of Φ-harmonic). The identity map on any Rie-
mannian manifold is Φ-harmonic.
Proof. If u is the identity map onM , then N =M,m = n, du(ei) = ei ,
and
m∑
i,j=1
∇uei
(〈du(ei), du(ej)〉du(ej)) = m∑
i=1
∇Idei (
m∑
j=1
δijej) = 0 .
Consequently, u is Φ-harmonic by Corollary 2.2. 
Proposition 2.2.
(
The second variation formula of two parameters for
Φ-energy EΦ(u is not necessary Φ-harmonic)
)
(2.6)
∂2
∂s∂t
EΦ(us,t)
(
=
1
4
∂2
∂s∂t
∫
M
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉2 dx
)
=
∫
M
m∑
i,j=1
〈∇ΨeiV, dΨ(ej)〉〈∇ΨeiW, dΨ(ej)〉 dx
+
∫
M
m∑
i,j=1
〈dΨ(ei),∇ΨejW 〉〈∇ΨeiV, dΨ(ej)〉 dx
+
∫
M
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉〈∇ΨeiV,∇ΨejW 〉 dx
−
∫
M
〈
∇Ψ∂
∂s
V,
m∑
i,j=1
∇Ψei
(〈dΨ(ei), dΨ(ej)〉dΨ(ej))〉 dx
+
∫
M
m∑
i=1
〈
RN
(
V, dΨ(ei)
)
W,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
dx,
where RN is the curvature tensor of N , and 〈R(x, y)y, x〉 denotes the
sectional curvature of the plane spanned by {x, y} .
Φ-HARMONIC MAPS AND Φ-SUPERSTRONGLY UNSTABLE MANIFOLDS 9
Proof. By (2.1),
(2.7)
〈∇Ψ∂
∂s
∇Ψ∂
∂t
(
dΨ(ei)
)
, dΨ(ej)〉
= 〈∇Ψ∂
∂s
∇ΨeiV, dΨ(ej)〉
= 〈∇Ψei∇Ψ∂
∂s
V, dΨ(ej)〉+ 〈RN
(
dΨ(
∂
∂s
), dΨ(ei)
)
V, dΨ(ej)〉
= 〈∇Ψei∇Ψ∂
∂s
V, dΨ(ej)〉+ 〈RN
(
V, dΨ(ej)
)
W, dΨ(ei)〉.
This via (2.2) implies
(2.8)
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉〈∇Ψ∂
∂s
∇Ψ∂
∂t
(
dΨ(ei)
)
, dΨ(ej)〉
=
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉
(〈∇Ψei∇Ψ∂
∂s
V, dΨ(ej)〉+ 〈RN
(
V, dΨ(ej)
)
W, dΨ(ei)〉
)
=
m∑
i,=1
〈
∇Ψei∇Ψ∂
∂s
V,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
+
m∑
i=1
〈
RN
(
V, dΨ(ei)
)
W,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
=
m∑
i=1
ei
〈
∇Ψ∂
∂s
V,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
−
m∑
i=1
〈
∇Ψ∂
∂s
V,
m∑
j=1
∇Ψei
(〈dΨ(ei), dΨ(ej)〉dΨ(ej))〉
+
m∑
i=1
〈
RN
(
V, dΨ(ei)
)
W,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
= divM
( m∑
i=1
〈
∇Ψ∂
∂s
V,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
ei
)
−
〈
∇Ψ∂
∂s
V,
m∑
i,j=1
∇Ψei
(〈dΨ(ei), dΨ(ej)〉dΨ(ej))〉
+
m∑
i=1
〈
RN
(
V, dΨ(ei)
)
W,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
.
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In view of (2.1) and (2.8) we have
(2.9)
∂2
∂s∂t
eΦ(us,t)
=
1
4
∂2
∂s∂t
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉2
=
∂
∂s
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉〈∇Ψ∂
∂t
(
dΨ(ei)
)
, dΨ(ej)〉
=
m∑
i,j=1
〈∇Ψ∂
∂s
(
dΨ(ei)
)
, dΨ(ej)〉〈∇Ψ∂
∂t
(
dΨ(ei)
)
, dΨ(ej)〉
+
m∑
i,j=1
〈dΨ(ei),∇Ψ∂
∂s
(
dΨ(ej)
)〉〈∇Ψ∂
∂t
(
dΨ(ei)
)
, dΨ(ej)〉
+
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉〈∇Ψ∂
∂t
(
dΨ(ei)
)
,∇Ψ∂
∂s
(
dΨ(ej)
)〉
+
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉〈∇Ψ∂
∂s
∇Ψ∂
∂t
(
dΨ(ei)
)
, dΨ(ej)〉
=
m∑
i,j=1
〈∇ΨeiV, dΨ(ej)〉〈∇ΨeiW, dΨ(ej)〉+
m∑
i,j=1
〈dΨ(ei),∇ΨejW 〉〈∇ΨeiV, dΨ(ej)〉
+
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉〈∇ΨeiV,∇ΨejW 〉
+ divM
( m∑
i=1
〈
∇Ψ∂
∂s
V,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
ei
)
−
〈
∇Ψ∂
∂s
V,
m∑
i,j=1
∇Ψei
(〈dΨ(ei), dΨ(ej)〉dΨ(ej))〉
+
m∑
i=1
〈
RN
(
V, dΨ(ei)
)
W,
m∑
j=1
〈dΨ(ei), dΨ(ej)〉dΨ(ej)
〉
.
Since ∂
2
∂s∂t
EΦ(us,t) =
∫
M
∂2
∂s∂t
eΦ(us,t) dx , integrating both sides of
(2.9) and using the divergence theorem, we obtain the desired. 
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As an immediate consequence, we obtain the following.
Corollary 2.4.
(
Two parameter variation formula of Φ-energy EΦ(u is
not necessary Φ-harmonic)
)
(2.10)
∂2
∂s∂t
EΦ(us,t)
∣∣
(s,t)=(0,0)
(
=
1
4
∂2
∂s∂t
∫
M
m∑
i,j=1
〈dΨ(ei), dΨ(ej)〉2 dx∣∣
(s,t)=(0,0)
)
=
∫
M
m∑
i,j=1
〈∇ueiv, du(ej)〉〈∇ueiw, du(ej)〉 dx
+
∫
M
m∑
i,j=1
〈du(ei),∇uejw〉〈∇ueiv, du(ej)〉 dx
+
∫
M
m∑
i,j=1
〈du(ei), du(ej)〉〈∇ueiv,∇uejw〉 dx
−
∫
M
〈
∇u∂
∂s
v,
m∑
i,j=1
∇uei
(〈du(ei), du(ej)〉du(ej))〉 dx
+
∫
M
m∑
i=1
〈
RN
(
v, du(ei)
)
w,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx.
Proof. This follows at once from Proposition 2.2. 
Corollary 2.5.
(
The second variation formula of Φ-energy EΦ(u is not
necessary Φ-harmonic)
)
(2.11)
d2
dt2
EΦ(ut)
∣∣
t=0
=
∫
M
m∑
i,j=1
〈∇ueiv, du(ej)〉2 dx+
∫
M
m∑
i,j=1
〈du(ei),∇uejv〉〈∇ueiv, du(ej)〉 dx
+
∫
M
m∑
i,j=1
〈du(ei), du(ej)〉〈∇ueiv,∇uejv〉 dx
−
∫
M
〈
∇u∂
∂t
v,
m∑
i,j=1
∇uei
(〈du(ei), du(ej)〉du(ej))〉 dx
+
∫
M
m∑
i=1
〈
RN
(
v, du(ei)
)
v,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx.
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Corollary 2.6. Suppose either for each fixed x0 ∈M , the curve Ψ(x0, t)
is a constant speed geodesic in N or u is a Φ-harmonic map with
compactly supported V (x, 0) in the interior of M . Then
(2.12)
d2
dt2
EΦ(ut) =
∫
M
m∑
i,j=1
〈∇ΨeiV, dut(ej)〉2 dx+
∫
M
m∑
i,j=1
〈dut(ei),∇ΨejV 〉〈∇ΨeiV, dut(ej)〉 dx
+
∫
M
m∑
i,j=1
〈dut(ei), dut(ej)〉〈∇ΨeiV,∇ΨejV 〉 dx
+
∫
M
m∑
i=1
〈
RN
(
V, dut(ei)
)
V,
m∑
j=1
〈dut(ei), dut(ej)〉dut(ej)
〉
dx.
In particular,
(2.13)
d2
dt2
EΦ(ut)
∣∣
t=0
=
∫
M
m∑
i,j=1
〈∇ueiv, du(ej)〉2 dx+
∫
M
m∑
i,j=1
〈du(ei),∇uejv〉〈∇ueiv, du(ej)〉 dx
+
∫
M
m∑
i,j=1
〈du(ei), du(ej)〉〈∇ueiv,∇uejv〉 dx
+
∫
M
m∑
i=1
〈
RN
(
v, du(ei)
)
v,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx.
Remark 2.1. The case u is Φ-harmonic, (2.13) is due to Kawai and
Nakauchi [17].
Proof. Set W = V and s = t in Proposition 2.2. Then the term
−
∫
M
〈
∇Ψ∂
∂t
V,
m∑
i,j=1
∇Ψei
(〈dΨ(ei), dΨ(ej)〉dΨ(ej))〉 dx
vanishes because by the assumption, either the curves are constant
speed geodesics in which ∇u∂
∂t
V ≡ 0, or u is a Φ-harmonic map, by the
first variational formula the whole term is zero . This proves (2.12).
Setting t = 0 and Ψ(·, 0) = u(·) , in (2.12), we prove (2.13). 
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Corollary 2.7. ([17]) Let u : M → N be a Φ-harmonic map. Then
(2.14)
∂2
∂s∂t
EΦ(us,t)
∣∣
(s,t)=(0,0)
=
∫
M
m∑
i,j=1
〈∇ueiv, du(ej)〉〈∇ueiw, du(ej)〉 dx
+
∫
M
m∑
i,j=1
〈∇ueiv, du(ej)〉〈du(ei),∇uejw〉 dx
+
∫
M
m∑
i,j=1
〈du(ei), du(ej)〉〈∇ueiv,∇uejw〉 dx
+
∫
M
m∑
i=1
〈
RN
(
v, du(ei)
)
w,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx.
Proof. This follows at once from Corollaries 2.2 and 2.4. 
3. An Average variational method Part I: Average second
variation formulas for Φ-energy
We assume M (resp. N) is isometrically immersed in the Euclidean
space Rq. Let ∇ be the standard flat connection on Rq, ∇ (resp. ∇N)
the Riemannian connection onM (resp. N) and B (resp. B) the second
fundamental form of M (resp. N) in Rq. These are related by
(3.1) ∇XY = ∇XY +B(X, Y )
(
resp .∇XY = ∇NX Y + B(X,Y)
)
,
where X, Y (resp. X,Y) are smooth vector fields on M (resp. N). If
T⊥M (resp. T⊥N) is the normal bundle ofM (resp. N) in Rq, η (resp.
ζ) is a smooth section of T⊥M (resp. T⊥N), then the Weingarten
map AηX (resp. AζX ) and the connection ∇⊥Xη (resp. ∇N⊥Xζ ) in the
normal bundle are defined by
(3.2) ∇Xη = −AηX +∇⊥Xη
(
resp .∇NX ζ = −AζX+∇N⊥Xζ
)
,
where −AηX (resp. −AζX) is the component tangent to M (resp. N)
and ∇⊥Xη (resp. ∇N⊥Xζ) is normal to M (resp. N). The tensors A and
B (resp. A and B) are related by
(3.3) 〈AηX, Y 〉 = 〈B(X, Y ), η〉 ( resp .〈AζX,Y〉 = 〈B(X,Y), ζ〉)
For each x ∈M , let em+1, · · · , eq be an orthonormal basis for the nor-
mal space T⊥Mx to M at x. Define the Ricci tensor Ric
M : Tx(M) →
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Tx(M) by
RicM(v) =
m∑
i=1
R(v, ei)ei(3.4)
Define selfadjoint linear map QMx : TxM → TxM by
QMx =
q∑
α=m+1
(
2AeαAeα − trace(Aeα)Aeα),(3.5)
Then the Guass curvature equation implies
(3.6) RicM −
q∑
α=m+1
tr(Aeα)Aeα +
q∑
α=m+1
AeαAeα = 0 .
Using this in the definition of QM yields
(3.7)
QM =
q∑
α=m+1
(2AeαAeα − tr(Aeα)Aeα)
= −2RicM +
q∑
α=m+1
tr(Aeα)Aeα = −RicM +
q∑
α=m+1
AeαAeα,
Similarly, for each y ∈ N , let en+1, · · · , eq be an orthonormal ba-
sis for the normal space T⊥Ny to N at y. Define the Ricci tensor
RicN : Ty(N) → Ty(N), and selfadjoint linear map QNy : TyN → TyN
analogously and yields
(3.7′) QN =
q∑
α=n+1
(2AeαAeα − tr(Aeα)Aeα)
= −2RicN +
q∑
α=n+1
tr(Aeα)Aeα = −RicN +
q∑
α=n+1
AeαAeα ,
Let v, v⊤, v⊥ denote a unit vector in Rq the tangential projection of
v onto N , and the normal projection of v onto N respectively. We can
choose an adopted orthonormal basis {vℓ}qℓ=1 in Rq such that {vℓ}nℓ=1
is tangent to N , and {vℓ}qℓ=n+1 is normal to N at a point in N . Denote
by f
v⊤ℓ
t the flow generated by v
⊤
ℓ .
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Theorem 3.1. (An average variation formula for Φ-energy on the target
of u which is not necessarily Φ-harmonic )
(3.8)
q∑
ℓ=1
d2
dt2
EΦ(f
v⊤ℓ
t ◦ u)∣∣
t=0
=
∫
M
m∑
i=1
〈
QN
(
du(ei)
)
,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
)〉
dx
+ 2
∫
M
m∑
i=1
q∑
α=n+1
〈
Avα
(
du(ei)
)
,
m∑
j=1
〈Avα(du(ei)), du(ej)〉 du(ej)
〉
dx,
where QN is as in (3.7′).
Proof. As vℓ is parallel in R
q, we have
(3.9)
∇ueiv⊤ℓ = ∇Ndu(ei)v⊤ℓ =
(∇Rqdu(ei)v⊤ℓ )⊤ = (∇Rqdu(ei)(vℓ − v⊥ℓ ))⊤
= Av
⊥
ℓ (du(ei)) ,
Then apply Corollary 2.5 to ut = f
v⊤ℓ
t ◦ u in which v = v⊤ℓ , we have
(3.10)
q∑
ℓ=1
d2
dt2
EΦ(f
v⊤ℓ
t ◦ u)∣∣
t=0
=
∫
M
q∑
ℓ=1
m∑
i,j=1
〈∇ueiv⊤ℓ , du(ej)〉2 dx
+
∫
M
q∑
ℓ=1
m∑
i,j=1
〈du(ei),∇uejv⊤ℓ 〉〈∇ueiv⊤ℓ , du(ej)〉 dx
+
∫
M
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈∇ueiv⊤ℓ ,∇uejv⊤ℓ 〉 dx
−
∫
M
q∑
ℓ=1
〈
∇N
v⊤
ℓ
v⊤ℓ ,
m∑
i,j=1
∇uei
(〈du(ei), du(ej)〉du(ej))〉 dx
+
∫
M
q∑
ℓ=1
m∑
i=1
〈
RN
(
v⊤ℓ , du(ei)
)
v⊤ℓ ,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx.
In view of (3.9), we have the first integrand in (3.10)
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(3.11)
q∑
ℓ=1
m∑
i,j=1
〈∇ueiv⊤ℓ , du(ej)〉2
=
q∑
ℓ=1
m∑
i,j=1
〈Av⊥ℓ (du(ei)), du(ej)〉〈Av⊥ℓ (du(ei)), du(ej)〉
=
q∑
ℓ=1
m∑
i=1
〈
Av
⊥
ℓ
(
du(ei)
)
,
m∑
j=1
〈Av⊥ℓ (du(ei)), du(ej)〉 du(ej)
〉
=
q∑
α=n+1
m∑
i=1
〈
Avα
(
du(ei)
)
,
m∑
j=1
〈Avα(du(ei)), du(ej)〉 du(ej)
〉
.
The second integrand in (3.10), via (3.9)
(3.12)
q∑
ℓ=1
m∑
i,j=1
〈du(ei),∇uejv⊤ℓ 〉〈∇ueiv⊤ℓ , du(ej)〉
=
q∑
ℓ=1
m∑
i,j=1
〈du(ei),Av⊥ℓ
(
du(ej)
)〉〈Av⊥ℓ (du(ei)), du(ej)〉
=
q∑
ℓ=1
m∑
i=1
〈
Av
⊥
ℓ
(
du(ei)
)
,
m∑
j=1
〈du(ei),Av⊥ℓ
(
du(ej)
)〉du(ej)
〉
=
q∑
α=n+1
m∑
i=1
〈
Avα
(
du(ei)
)
,
m∑
j=1
〈Avα(du(ei)), du(ej)〉du(ej)
〉
.
The third integrand in (3.10)
(3.13)
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈∇ueiv⊤ℓ ,∇uejv⊤ℓ 〉
=
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈Av⊥ℓ
(
du(ei)
)
,Av
⊥
ℓ
(
du(ej)
)〉
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=
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈Av⊥ℓ Av⊥ℓ
(
du(ei)
)
,
(
du(ej)
)〉
=
q∑
ℓ=n+1
m∑
i=1
〈
Av
⊥
ℓ Av
⊥
ℓ
(
du(ei)
)
,
m∑
j=1
〈du(ei), du(ej)〉
(
du(ej)
)〉
=
q∑
α=n+1
m∑
i=1
〈
AvαAvα
(
du(ei)
)
,
m∑
j=1
〈du(ei), du(ej)〉
(
du(ej)
)〉
.
Since either v⊥ℓ = 0 or v
⊤
ℓ = 0 for each 1 ≤ ℓ ≤ q ,
q∑
ℓ=1
∇N
v⊤
ℓ
v⊤ℓ =
q∑
ℓ=1
(∇Rq
v⊤
ℓ
(vℓ−v⊥ℓ )
)⊤
=
q∑
ℓ=1
(∇Rq
v⊤
ℓ
(−v⊥ℓ )
)⊤
=
q∑
ℓ=1
Av
⊥
ℓ (v⊤ℓ ) = 0 ,
we have the forth integrand in (3.10)
(3.14) −
q∑
ℓ=1
〈
∇N
v⊤ℓ
v⊤ℓ ,
m∑
i,j=1
∇uei
(〈du(ei), du(ej)〉du(ej))〉 = 0.
By the Gauss equation, i.e. for every vector field X,Y,Z,W on N
〈RN(X,Y)Z,W〉 = 〈RRq(X,Y)Z,W〉Rq+〈B(X,W),B(Y,Z)〉Rq−〈B(X,Z),B(Y,W)〉Rq ,
and (3.3), the fifth integrand in (3.10)
(3.15)
q∑
ℓ=1
m∑
i=1
〈
RN
(
v⊤ℓ , du(ei)
)
v⊤ℓ ,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
=
q∑
ℓ=1
m∑
i=1
〈
B
(
v⊤ℓ ,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
)
,B
(
v⊤ℓ , du(ei)
)〉
Rq
−
q∑
ℓ=1
m∑
i=1
〈
B(v⊤ℓ , v
⊤
ℓ ),B
(
du(ei),
m∑
j=1
〈du(ei), du(ej)〉du(ej)
)〉
Rq
=
q∑
ℓ=1
m∑
i=1
q∑
α=n+1
〈
B
(
v⊤ℓ ,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
)
, vα
〉
Rq
· 〈B(v⊤ℓ , du(ei)), vα〉Rq
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−
q∑
ℓ=1
m∑
i=1
q∑
α=n+1
〈B(v⊤ℓ , v⊤ℓ ), vα〉Rq ·
〈
B
(
du(ei),
m∑
j=1
〈du(ei), du(ej)〉du(ej)
)
, vα
〉
Rq
=
q∑
ℓ=1
m∑
i=1
q∑
α=n+1
〈
Avα
( m∑
j=1
〈du(ei), du(ej)〉du(ej)
)
, v⊤ℓ
〉
· 〈Avα(du(ei)), v⊤ℓ 〉
−
q∑
ℓ=1
m∑
i=1
q∑
α=n+1
〈Avα(v⊤ℓ ), v⊤ℓ 〉 ·
〈
Avα
(
du(ei)
)
,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
)〉
=
m∑
i=1
q∑
α=n+1
〈
Avα
( m∑
j=1
〈du(ei), du(ej)〉du(ej)
)
,Avα
(
du(ei)
)〉
−
m∑
i=1
q∑
α=n+1
trace (Avα)
〈
Avα
(
du(ei)
)
,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
=
m∑
i=1
q∑
α=n+1
〈
AvαAvα
(
du(ei)
)
,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
−
m∑
i=1
q∑
α=n+1
trace (Avα)
〈
Avα
(
du(ei)
)
,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
)〉
.
Substituting (3.11),(3.12),(3.13),(3.14) and (3.15) into (3.10), we ob-
tain the desired (3.8). 
Similarly, we can isometrically immerse M into Rq. Let {v⊤ℓ } be
the tangential projection of an orthonormal frame field {vℓ}qℓ=1 in Rq
onto M . Denote by f
v⊤ℓ
t : M → M the flow generated by v⊤ℓ , apply
Corollary 2.6 with ut = u◦f v
⊤
ℓ
t and u0 = u. For convenience, we choose
{v1, · · · , vm} = {e1, · · · , em} to be tangential to M , {vm+1, · · · , vq} =
{em+1, · · · , eq} to be normal to M , and ∇Ψei = 0 at a point in M . We
have
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Theorem 3.2. (An average variation formula for Φ-energy on the do-
main of a Φ-harmonic map u )
(3.16)
q∑
ℓ=1
d2
dt2
EΦ(u ◦ f v
⊤
ℓ
t )
∣∣
t=0
=
∫
M
m∑
i=1
〈
du
(
QM(ei)
)
,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
)〉
dx
+ 2
∫
M
m∑
i=1
q∑
α=m+1
〈
du
(
Aeα(ei)
)
,
m∑
j=1
〈du(ei), du
(
Aeα(ej)
)〉 du(ej)
〉
dx,
where QM is as in (3.7).
Proof. Applying (2.13) in which v is replaced by du(v⊤ℓ ) , we have
(3.17)
q∑
ℓ=1
d2
dt2
EΦ(u ◦ f v
⊤
ℓ
t )
∣∣
t=0
=
∫
M
q∑
ℓ=1
m∑
i,j=1
〈∇ueidu(v⊤ℓ ), du(ej)〉2 dx
+
∫
M
q∑
ℓ=1
m∑
i,j=1
〈du(ei),∇uejdu(v⊤ℓ )〉〈∇ueidu(v⊤ℓ ), du(ej)〉 dx
+
∫
M
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈∇ueidu(v⊤ℓ ),∇uejdu(v⊤ℓ )〉 dx
+
∫
M
q∑
ℓ=1
m∑
i=1
〈
RN
(
du(v⊤ℓ ), du(ei)
)
du(v⊤ℓ ),
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx.
Since v⊤ℓ = vℓ − v⊥ℓ and vℓ are parallel in Rq, we have
(3.18)
∇ueidu(v⊤ℓ ) = (∇ueidu)(v⊤ℓ ) + du(∇Mei v⊤ℓ ) = (∇ueidu)(v⊤ℓ ) + du
((∇Rqei (vℓ − v⊥ℓ ))⊤)
= (∇ueidu)(v⊤ℓ ) + du
(
Av
⊥
ℓ (ei)
)
.
As for each 1 ≤ ℓ ≤ q , either v⊥ℓ = 0 or v⊤ℓ = 0 ,
(3.19) 〈(∇ueidu)(v⊤ℓ ), du(ej)〉〈du
(
Av
⊥
ℓ (ei)
)
, du(ej)〉 = 0 .
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In view of (3.18) and (3.19), we have the first integrand in (3.17)
(3.20)
q∑
ℓ=1
m∑
i,j=1
〈∇ueidu(v⊤ℓ ), du(ej)〉2
=
q∑
ℓ=1
m∑
i,j=1
(
〈(∇ueidu)(v⊤ℓ ), du(ej)〉+ 〈du
(
Av
⊥
ℓ (ei)
)
, du(ej)〉
)2
=
q∑
ℓ=1
m∑
i,j=1
〈(∇ueidu)(v⊤ℓ ), du(ej)〉2
+ 2〈(∇ueidu)(v⊤ℓ ), du(ej)〉〈du
(
Av
⊥
ℓ (ei)
)
, du(ej)〉
+ 〈du(Av⊥ℓ (ei)), du(ej)〉2
=
q∑
ℓ=1
m∑
i,j=1
〈(∇uv⊤
ℓ
du)(ei), du(ej)〉2
+
q∑
ℓ=1
m∑
i,j=1
〈du(Av⊥ℓ (ei)), du(ej)〉〈du(Av⊥ℓ (ei)), du(ej)〉
=
m∑
i,j,k=1
〈(∇uekdu)(ei), du(ej)〉2
+
q∑
α=m+1
m∑
i,j=1
〈du(Aeα(ei)), du(ej)〉〈du(Aeα(ei)), du(ej)〉
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=
m∑
i,j,k=1
〈(∇uekdu)(ei), du(ej)〉2
+
q∑
α=m+1
m∑
i,j,k=1
〈du(Aeα(ei)), du(ej)〉 〈du(〈Aeα(ei), ek〉ek), du(ej)〉
=
m∑
i,j,k=1
〈(∇uekdu)(ei), du(ej)〉2
+
q∑
α=m+1
m∑
i,j,k=1
〈
du
(
Aeα
(〈Aeα(ek), ei〉ei)), du(ej)〉 〈du(ek), du(ej)〉
=
m∑
i,j,k=1
〈(∇uekdu)(ei), du(ej)〉2
+
q∑
α=m+1
m∑
j,k=1
〈du
(
Aeα
(
Aeα(ek)
))
, du(ej)〉〈du
(
ek
)
, du(ej)〉
=
m∑
i,j,k=1
〈(∇uekdu)(ei), du(ej)〉2
+
q∑
α=m+1
m∑
i=1
〈
du
(
Aeα
(
Aeα(ei)
))
,
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
.
Analogous to (3.19) for each 1 ≤ ℓ ≤ q ,
(3.21) 〈du(Av⊥ℓ (ei)), du(ej)〉〈(∇uejdu)(v⊤ℓ ), du(ei)〉 = 0 .
By (3.18) and (3.21) the second integrand in (3.17)
(3.22)
q∑
ℓ=1
m∑
i,j=1
〈du(ei),∇uejdu(v⊤ℓ )〉〈∇ueidu(v⊤ℓ ), du(ej)〉
=
q∑
ℓ=1
m∑
i,j=1
(
〈du(ei), (∇uejdu)(v⊤ℓ )〉+ 〈du(ei), du
(
Av
⊥
ℓ (ej)
)
〉
)
·
(
〈(∇ueidu)(v⊤ℓ ), du(ej)〉+ 〈du
(
Av
⊥
ℓ (ei)
)
, du(ej)〉
)
=
q∑
ℓ=1
m∑
ij=1
(
〈du(ei), (∇uejdu)(v⊤ℓ )〉〈(∇ueidu)(v⊤ℓ ), du(ej)〉
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+ 〈du(ei), du
(
Av
⊥
ℓ (ej)
)〉〈du(Av⊥ℓ (ei)), du(ej)〉)
=
m∑
i,j,k=1
〈du(ei), (∇uekdu)(ej)〉〈(∇uekdu)(ei), du(ej)〉
+
q∑
α=m+1
m∑
i,j=1
〈du(ei), du
(
Aeα(ej)
)〉〈du(Aeα(ei)), du(ej)〉
=
m∑
i,j,k=1
〈du(ei), (∇uekdu)(ej)〉〈(∇uekdu)(ei), du(ej)〉
+
q∑
α=m+1
m∑
i=1
〈
du
(
Aeα(ei)
)
,
m∑
j=1
〈du(ei), du
(
Aeα(ej)
)〉 du(ej)
〉
.
By (3.18) and (3.21) the third integrand in (3.17)
(3.23)
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈∇ueidu(v⊤ℓ ),∇uejdu(v⊤ℓ )〉
=
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈(∇ueidu)(v⊤ℓ ) + du
(
Av
⊥
ℓ (ei)
)
, (∇uejdu)(v⊤ℓ ) + du
(
Av
⊥
ℓ (ej)
)
〉
=
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈(∇ueidu)(v⊤ℓ ), (∇uejdu)(v⊤ℓ )〉
+
q∑
ℓ=1
m∑
i,j=1
〈du(ei), du(ej)〉〈du
(
Av
⊥
ℓ (ei)
)
, du
(
Av
⊥
ℓ (ej)
)〉
=
m∑
i,j,k=1
〈du(ei), du(ej)〉〈(∇uekdu)(ei), (∇uekdu)(ej)〉
+
q∑
α=m+1
m∑
i,j,k=1
〈du(ei), du(ej)〉
〈
du
(
Aeα(ei)
)
, du
(〈Aeα(ej), ek〉ek)〉
=
m∑
i,j,k=1
〈du(ei), du(ej)〉〈(∇uekdu)(ei), (∇uekdu)(ej)〉
Φ-HARMONIC MAPS AND Φ-SUPERSTRONGLY UNSTABLE MANIFOLDS 23
+
q∑
α=m+1
m∑
i,j,k=1
〈du(ei), du
(〈Aeα(ek), ej〉ej)〉 〈du(Aeα(ei)), du(ek)〉
=
m∑
i,j,k=1
〈du(ei), du(ej)〉〈(∇uekdu)(ei), (∇uekdu)(ej)〉
+
q∑
α=m+1
m∑
i,j=1
〈du(ei), du
(
Aeα(ej)
)〉 〈du(Aeα(ei)), du(ej)〉
=
m∑
i,j,k=1
〈du(ei), du(ej)〉〈(∇uekdu)(ei), (∇uekdu)(ej)〉
+
q∑
α=m+1
m∑
i=1
〈
du
(
Aeα(ei)
)
,
m∑
j=1
〈du(ei), du
(
Aeα(ej)
)〉 du(ej)
〉
.
By the Weitzenbo¨ck formula for 1-form [EL, Proposition 1.34, p.13]
(3.24)
m∑
i=1
RN
(
du(v⊤ℓ ), du(ei)
)
du(ei) = du(Ric
M(v⊤ℓ ))−
m∑
i=1
(∇ei∇eidu)(v⊤ℓ )+△(du)(v⊤ℓ ),
where △ is the Hodge Laplacian given by △ = −(d∗d+ dd∗) in which
d is the exterior differential operator, d∗ is the codifferental operator,
and d∗du = −∑mi=1(∇ueidu)(ei) .
By (3.24), the forth integrand in (3.17)
(3.25)
q∑
ℓ=1
m∑
i=1
〈
RN
(
du(v⊤ℓ ), du(ei)
)
du(v⊤ℓ ),
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
=
m∑
i,j,k=1
−〈RN(du(ei), du(ek))du(ek), du(ej)〉〈du(ei), du(ej)〉
=
m∑
i,j,k=1
〈du(− RicM(ei))+ (∇ek∇ekdu)(ei)−△(du)(ei), du(ej)〉〈du(ei), du(ej)〉
=
m∑
i,=1
〈
du
(− RicM(ei)), m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
+
m∑
i=1
〈
−△(du)(ei),
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
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+
m∑
i,,j,k=1
ek
(〈∇ekdu(ei), du(ej)〉〈du(ei), du(ej)〉)
−
m∑
i,j,k=1
〈∇ekdu(ei),∇ekdu(ej)〉〈du(ei), du(ej)〉
−
m∑
i,j,k=1
〈∇ekdu(ei), du(ej)〉2
−
m∑
i,j,k=1
〈∇ekdu(ei), du(ej)〉〈du(ei),∇ekdu(ej)〉.
Since u is Φ-harmonic, applying d(du) = 0 , and Corollary 2.2, we have
(3.26)∫
M
m∑
i=1
〈
△(du)(ei),
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx
=
∫
M
m∑
i=1
〈
−(d∗d+ dd∗)(du)(ei),
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx
=
∫
M
m∑
i=1
〈
−d∗(du)(ei), d∗
m∑
j=1
〈du(ei), du(ej)〉du(ej)
〉
dx
=
∫
M
〈
−d∗(du), d∗
m∑
j=1
〈du, du(ej)〉du(ej)
〉
dx
=
∫
M
〈
−d∗(du),
m∑
i=1
∇uei
( m∑
j=1
〈du, du(ej)〉du(ej)
)
(ei)
〉
dx
=
∫
M
〈
−d∗(du),
m∑
i=1
∇uei
( m∑
j=1
〈du(ei), du(ej)〉du(ej)
)〉
dx
=0.
Furthermore, by (2.2)
(3.27)
m∑
i,,j,k=1
ek
(〈∇ekdu(ei), du(ej)〉〈du(ei), du(ej)〉)
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=
m∑
i,j,k=1
divM
(〈∇ekdu(ei), du(ej)〉〈du(ei), du(ej)〉ek).
Substituting (3.20),(3.22),(3.23) and (3.26) into (3.17), and applying
(3.26) and (3.27), we obtain via (3.7) the desired (3.16). 
4. Average variational method Part II: Φ-SSU and Φ-SU
manifolds
In this section, using the technique in [38], we write the average vari-
ation formulas in orthogonal notation in terms of the differential matrix
(uiα) of u. This enables us to make estimates on the variation formulas
from which we find Φ-SSU manifolds. Applying an average method,
we prove that Φ-SSU manifolds are Φ-SU; i.e., Theorem 1.1(a), (b), (c),
and (d) hold.
Lemma 4.1 (An Estimate on the Average Variation Formula (3.8) on
the Target of u). Let Cα be as in (4.4). Then
(4.1)
q∑
ℓ=1
d2
dt2
EΦ(f
v⊤ℓ
t ◦ u)∣∣
t=0
≤
∫
M
n∑
α=1
C2α
n∑
β=1
(
4〈B(eα, eβ),B(eα, eβ)〉 − 〈B(eα, eα),B(eβ, eβ〉
)
dx.
Proof of Lemma 4.1. Denote (uiα) 1 ≤ i ≤ m, 1 ≤ α ≤ n the dif-
ferential matrix of u : M → N relative to local orthonormal bases
{e1, · · · , em} in M and {e1, · · · , en} in N . That is,
(4.2) du(ei) =
n∑
α=1
uiαeα for 1 ≤ i ≤ m.
Let (uiα)
T be the transpose of (uiα) . Then the product matrix (uiα)
T ·
(uiα) is an n × n symmetric matrix with the α , β entry over the field
of real numbers given by (
m∑
i=1
uiαuiβ
)
.(4.3)
Without ambiguity, we use the same notations for local orthonormal
bases {e1, · · · , em} in M and {e1, · · · , en} in N so that the product
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matrix is diagonalizable. That is,
(4.4)
m∑
i=1
uiαuiβ =
{
0 if β 6= α
Cα if β = α
for some Cα ≥ 0 . Then by (4.4) and (1.1) we have
(4.5) 2e(u) =
m∑
i=1
〈du(ei), du(ei)〉 =
n∑
α=1
Cα,
(4.6)
4eΦ(u) =
m∑
ij=1
〈du(ei), du(ej)〉2 =
m∑
ij=1
n∑
αβγδ=1
〈uiαeα, ujβeβ〉〈uiγeγ , ujδeδ〉
=
m∑
ij=1
n∑
αγ=1
uiαujαuiγujγ =
n∑
αγ=1
(
m∑
i=1
uiαuiγ
m∑
j=1
ujαujγ) =
n∑
α=1
C2α
and via (3.3),
(4.7)
Aeν
(
du(ei)
)
=
n∑
α=1
uiαA
eν (eα) =
n∑
αβ=1
uiα〈Aeν (eα), eβ〉eβ
=
n∑
αβ=1
uiα〈B(eα, eβ), eν〉eβ.
In view of (4.7), (3.3) and (4.4), we have
(4.8)
m∑
ij=1
q∑
ν=n+1
2〈AeνAeν(du(ei)), du(ej)〉〈du(ei), du(ej)〉
=
m∑
ij=1
q∑
ν=n+1
n∑
αβγδτµ=1
2uiα〈B(eα, eβ), eν〉〈Aeν (eβ), eγ〉〈eγ, ujδeδ〉〈uiτeτ , ujµeµ〉
=
n∑
αβγτ=1
2
( m∑
i=1
uiαuiτ
m∑
j=1
ujγujτ
q∑
ν=n+1
〈B(eα, eβ), eν〉〈B(eγ, eβ), eν〉
)
=
n∑
αβ=1
2C2α〈B(eα, eβ),B(eα, eβ)〉.
Similarly, by (4.7), (3.3) and (4.4), we have
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(4.9)
m∑
ij=1
q∑
ν=n+1
−〈tr(Aeν )Aeν(du(ei)), du(ej)〉〈du(ei), du(ej)〉
=
m∑
ij=1
q∑
ν=n+1
n∑
αβγδτµ=1
−〈Aeν (eγ), eγ〉uiα〈B(eα, eβ), eν〉〈eβ, ujδeδ〉〈uiτeτ , ujµeµ〉
=
n∑
αβγτ=1
−( m∑
i=1
uiαuiτ
m∑
j=1
ujβujτ
q∑
ν=n+1
〈B(eγ , eγ), eν〉〈B(eα, eβ), eν〉
)
=
n∑
αγ=1
−C2α〈B(eγ, eγ),B(eα, eα)〉
=
n∑
αβ=1
−C2α〈B(eα, eα),B(eβ, eβ)〉.
In view of (4.7), (3.3) and (4.4), we have
(4.10)
m∑
ij=1
q∑
ν=n+1
2〈Aeν(du(ei)), du(ej)〉〈Aeν(du(ei)), du(ej)〉
=
m∑
ij=1
q∑
ν=n+1
n∑
αβγδτµ=1
2uiα〈B(eα, eβ), eν〉〈eβ, ujγeγ〉uiδ〈B(eδ, eτ ), eν〉〈eτ , ujµeµ〉
=
n∑
αβδτ=1
2
( m∑
i=1
uiαuiδ
m∑
j=1
ujβujτ
q∑
ν=n+1
〈B(eα, eβ), eν〉〈B(eδ, eτ ), eν〉
)
=
n∑
αβ=1
2CαCβ〈B(eα, eβ),B(eα, eβ)〉 ≤
n∑
αβ=1
(C2α + C
2
β)〈B(eα, eβ),B(eα, eβ)〉
=
n∑
αβ=1
2C2α〈B(eα, eβ),B(eα, eβ)〉.
Substituting (4.8), (4.9) and (4.10) into (3.8), we obtain the desired
(4.1). 
28 YINGBO HAN AND SHIHSHU WALTER WEI
Lemma 4.2 (An Estimate on the Average Variation Formula (3.16) on
the Domain of u). Let Ci be as in (4.13). Then
(4.11)
q∑
ℓ=1
d2
dt2
EΦ(u ◦ f v
⊤
ℓ
t )
∣∣
t=0
≤
∫
M
m∑
i=1
C2i
m∑
j=1
(
4〈B(ei, ej), B(ei, ej)〉 − 〈B(ei, ei), B(ej, ej〉
)
dx
Proof of Lemma 4.2. In the following, we consider the product matrix
(uiα) · (uiα)T to be an m×m symmetric matrix with the i, j entry over
the field of real numbers given by(
n∑
α=1
uiαujα
)
.(4.12)
Without ambiguity, we use the same notations for local orthonormal
bases {e1, · · · , em} in M and {e1, · · · , en} in N so that the product
matrix is diagonalizable. That is,
(4.13)
n∑
α=1
uiαujα =
{
0 if j 6= i
Ci if j = i
for some Ci ≥ 0 . Then by (4.2) and (1.1), we have
(4.14) 2e(u) =
m∑
i=1
〈du(ei), du(ei)〉 =
m∑
i=1
Ci,
(4.15)
4eΦ(u) =
m∑
ij=1
〈du(ei), du(ej)〉2 =
m∑
ij=1
n∑
αβγδ=1
〈uiαeα, ujβeβ〉〈uiγeγ, ujδeδ〉
=
m∑
ij=1
n∑
αγ=1
uiαujαuiγujγ =
m∑
ij=1
(
n∑
α=1
uiαujα
n∑
γ=1
uiγujγ) =
m∑
i=1
C2i
and via (3.3),
(4.16)
du
(
Aeν(ei)
)
=
m∑
k=1
du
(〈Aeν(ei), ek〉ek)
=
m∑
k=1
n∑
α=1
ukα〈B(ei, ek), eν〉eα.
In view of (4.16), (3.3) and (4.13), we have
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(4.17)
m∑
ij=1
q∑
ν=n+1
〈du(2AeνAeν (ei)), du(ej)〉〈du(ei), du(ej)〉
=
m∑
ijk=1
q∑
ν=n+1
n∑
αβγ=1
2〈B(ei, ek), eν〉〈du
(
Aeν(ek)
)
, ujαeα〉〈uiβeβ, ujγeγ〉
=
m∑
ijk~=1
2
( n∑
β=1
uiβujβ
n∑
α=1
u~αujα
q∑
ν=n+1
〈B(ei, ek), eν〉〈B(ek, e~), eν〉
)
=
m∑
ij=1
2C2i 〈B(ei, ej), B(ei, ej)〉.
Similarly, by (4.16), (3.3) and (4.13), we have
(4.18)
m∑
ij=1
q∑
ν=n+1
−〈tr(Aeν)du(Aeν(ei)), du(ej)〉〈du(ei), du(ej)〉
=
m∑
ijk~=1
q∑
ν=n+1
n∑
αβγδ=1
−〈Aeν(e~), e~〉ukα〈B(ei, ek), eν〉〈eα, ujβeβ〉〈uiγeγ, ujδeδ〉
=
m∑
ijk~=1
−( n∑
α=1
ukαujα
n∑
γ=1
uiγujγ
q∑
ν=n+1
〈B(e~, e~), eν〉〈B(ei, ek), eν〉
)
=
m∑
i~=1
−C2i 〈B(e~, e~), B(ei, ei)〉
=
m∑
ij=1
−C2i 〈B(ei, ei), B(ej, ej)〉.
In view of (4.16), (3.3) and (4.13), we have
(4.19)
m∑
ij=1
q∑
ν=n+1
2〈du(Aeν(ei)), du(ej)〉〈du(ei), du(Aeν (ej))〉
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=
m∑
ijk~=1
q∑
ν=n+1
n∑
αβγδ=1
2ukα〈B(ei, ek), eν〉〈eα, ujγeγ〉u~β〈B(ej , e~), eν〉〈uiδeδ, eβ〉
=
n∑
ij~k=1
2
( n∑
α=1
ukαujα
n∑
β=1
u~βuiβ
q∑
ν=n+1
〈B(ei, ek), B(ej , e~)〉
)
=
m∑
ij=1
2CiCj〈B(ei, ej), B(ei, ej)〉 ≤
m∑
ij=1
(C2i + C
2
j )〈B(ei, ej), B(ei, ej)〉
=
m∑
ij=1
2C2i 〈B(ei, ej), B(ei, ej)〉.
Substituting (4.17), (4.18) and (4.19) into (3.16), we obtain the de-
sired (4.11).

Remark 4.1. In examining the factors in the estimates in (4.1) and
(4.11),
(4.20)
n∑
β=1
4〈B(eα, eβ),B(eα, eβ)〉 − 〈B(eα, eα),B(eβ, eβ)〉 < 0 on N
and
m∑
i=1
4〈B(ei, ej), B(ei, ej)〉 − 〈B(ei, ei), B(ej , ej)〉 < 0 on M,
which yield information on u into N and from M respectively, we find
Φ-superstrongly unstable manifold as defined in Definition 1.3 or (1.5).
Now we are ready to apply an algebraic average method to prove
Theorem 1.1 (a) For every compact Φ-SSU manifold M , there are
no nonconstant smooth stable Φ-harmonic map u : M → N into any
compact manifold N
Theorem 1.1 (c) For every compact Φ-SSU manifold N , there are
no nonconstant smooth stable Φ-harmonic map u : M → N from any
compact manifold M (u is not necessarily Φ-harmonic).
Proof of Theorem 1.1 (a) and Theorem 1.1 (c). If u is not constant, then
by (4.5) (resp.(4.14)), there exists 1 ≤ α ≤ n (resp. 1 ≤ i ≤ m) and
a domain D ⊂ N (resp. D ⊂ M), over which Cα > 0 (resp. Ci > 0) .
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Hence, if N is Φ-SSU (resp.M is Φ-SSU)
(4.21)
C2α
n∑
β=1
(
4〈B(eα, eβ),B(eα, eβ)〉 − 〈B(eα, eα),B(eβ, eβ〉
)
< 0 on D
(
resp. C2i
m∑
j=1
(
4〈B(ei, ej), B(ei, ej)〉 − 〈B(ei, ei), B(ej, ej)〉
)
< 0 on D
)
By Lemma 4.1 (resp. Lemma 4.2) we have via (4.21)
(4.22)
q∑
ℓ=1
d2
dt2
EΦ(f
v⊤ℓ
t ◦ u)∣∣
t=0
< 0
(
resp.
q∑
ℓ=1
d2
dt2
EΦ(u ◦ f v
⊤
ℓ
t )
∣∣
t=0
< 0
)
.
By the algebraic average method, (4.22) implies that there exists a
number ℓ , 1 ≤ ℓ ≤ q such that
d2
dt2
EΦ(f
v⊤ℓ
t ◦ u)∣∣
t=0
< 0.Or
q∑
ℓ=1
d2
dt2
EΦ(f
v⊤ℓ
t ◦ u)∣∣
t=0
≥ 0, a contradiction.
(
resp.
d2
dt2
EΦ(u ◦ f v
⊤
ℓ
t )
∣∣
t=0
< 0.Or
q∑
ℓ=1
d2
dt2
EΦ(u ◦ f v
⊤
ℓ
t )
∣∣
t=0
≥ 0, a contradiction.
)
This means that there exists a vector field v⊤ℓ = eℓ (resp. v
⊤
ℓ = eℓ) for
some 1 ≤ ℓ ≤ q, along which the variation
f
v⊤ℓ
t ◦ u decreases theΦ-energy of any nonconstantmap u(
resp. u ◦ f v⊤ℓt decreases theΦ-energy of any nonconstantmap u.
)
That is,
u, not necessarily Φ-harmonic is not a nonconstant Φ-stable map(
resp. u is not a nonconstant Φ-stable map
)
.

Theorem 1.1 (b) If N is Φ-SSU, then for every compact manifold
M , the homotopic class of any map from M into N contains elements
of arbitrarily small Φ-energy.
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Lemma 4.3. If N is a compact Φ-SSU manifold, then there is a number
0 < ρ < 1 such that for any compact manifoldM and any map u :M →
N there is a map u1 :M → N homotopic to u with Φ(u1) ≤ ρΦ(u).
Proof. Let T̂yN be the space of the unit tangent vectors to N at the
point y ∈ N . Since N is Φ-SSU and T̂yN is compact, by (1.5), there
exists κ > 0 such that for every y ∈ N and every x ∈ T̂yN ,
Fy(x) < −qκ(4.23)
It follows from (4.1), (1.5), (4.6) and (4.23) that
q∑
ℓ=1
d2
dt2
Φ(f
v⊤ℓ
t ◦ u)∣∣
t=0
≤
∫
M
n∑
α=1
C2αFu(x)(eα) dx ≤ −qκ
∫
M
eΦ(u) dx = −4qκΦ(u).
(4.24)
We now proceed in steps.
Step 1. There is a number ξ ≥ 4κ > 0 such that for 1 ≤ ℓ ≤ q,
|t| ≤ 1 and all X,Y ∈ Γ(TN),∣∣∣∣ d3dt3 〈dfv⊤ℓt (X), dfv⊤ℓt (Y)〉2
∣∣∣∣ ≤ ξ|X|2|Y|2.(4.25)
Proof. Let SN be the unit sphere bundle of N . Then the function
defined on the compact set [−1, 1]× SN × SN by
(t, x, y) 7→ max
1≤ℓ≤q
∣∣∣∣ d3dt3 〈dfv⊤ℓt (x), dfv⊤ℓt (y)〉2
∣∣∣∣(4.26)
is continuous and thus has a maximum. Let ξ0 be this maximum and
ξ = max{3κ
m
, ξ0}. Then (4.25) follows by homogeneity. 
Step 2. There is a smooth vector field V on N such that if ξ is as
in Step 1, then we have
d
dt
Φ(fVt ◦ u)∣∣
t=0
≤ 0,(4.27)
d2
dt2
Φ(fVt ◦ u)∣∣
t=0
≤ −4κΦ(u),(4.28)
and ∣∣∣∣ d3dt3Φ(fVt ◦ u)
∣∣∣∣ ≤ mξΦ(u), for |t| ≤ 1.(4.29)
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Proof. From (4.24) it is seen that
d2
dt2
Φ(f
v⊤ℓ
t ◦ u)∣∣
t=0
≤ −4κΦ(u),(4.30)
for some 1 ≤ ℓ ≤ q. Or we would have ∑qℓ=1 d2dt2Φ(fv⊤ℓt ◦ u)∣∣
t=0
>
−4qκΦ(u) , contradicting (4.24). If d
dt
Φ(f
v⊤ℓ
t ◦ u)∣∣
t=0
≤ 0, set V = v⊤ℓ ;
otherwise, set V = −v⊤ℓ . Then (4.27) and (4.28) hold. From (4.25), we
have
(4.31)∣∣∣∣ d3dt3Φ(fVt ◦ u)
∣∣∣∣ = 14
∫
M
m∑
i,j=1
d3
dt3
〈dfv⊤ℓt
(
du(ei)
)
, df
v⊤ℓ
t
(
du(ej)
)〉2 dx
≤ ξ
4
∫
M
m∑
i,j=1
|du(ei)|2|du(ej)|2 dx
=
ξ
4
∫
M
( m∑
i=1
〈du(ei), du(ei)〉
)2
dx
≤ mξ
4
∫
M
m∑
i=1
〈du(ei), du(ei)〉2 dx
≤ mξ
4
∫
M
m∑
i,j=1
〈du(ei), du(ej)〉2 dx = mξΦ(u).
So (4.29) is right. 
Step 3. Let ζ = 3κ
mξ
(ζ ≤ 1, as 3κ
m
≤ ξ), ρ = 1 − κζ2
2
, and V be as in
Step 2. Then 0 < ρ < 1 and
Φ(fVζ ◦ u) ≤ ρΦ(u).(4.32)
Proof. Let Φ(t) = Φ(fVt ◦ u). Then by Step 2 for 0 ≤ t ≤ ζ , we have
Φ′′(t) = Φ′′(0) +
∫ t
0
Φ′′′(s)ds ≤ −4κΦ(u) +mξζΦ(u) = −κΦ(u).
(4.33)
Thus
Φ′(t) = Φ′(0) +
∫ t
0
Φ′′(s)ds ≤ −κtΦ(u)(4.34)
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and
Φ(ζ) = Φ(0) +
∫ ζ
0
Φ′(s)ds ≤
(
1− κζ
2
2
)
Φ(u) = ρΦ(u).(4.35)
As both Φ(ζ) and Φ(u) are positive this inequality implies ρ is positive.
Let u1 = f
V
ζ ◦ u. Then u1 is homotopic to u and we have just shown
Φ(u1) ≤ ρΦ(u). 
From Step 1, Step 2 and Step 3, we know this lemma is right. 
Proof of Theorem 1.1 (b). Let u : M → N be any smooth map from
M to N . By using Lemma 4.3, we can find a map u1 : M → N which
is homotopic to f with Φ(u1) ≤ ρΦ(u). Another application of the
lemma gives an u2 homotopic to u1 with Φ(u2) ≤ ρΦ(u1) ≤ ρ2Φ(u).
By induction, there is uℓ (ℓ = 1, 2, · · · ) homotopic to u with Φ(ul) ≤
ρlΦ(u). But 0 < ρ < 1 whence limℓ→∞Φ(uℓ) = 0 as required. 
Corollary 4.1. If N is Φ-SSU. then the infimum of the Φ-energy is zero
among maps homotopic to the identity map on N .
Proof. This follows at once from Theorem 1.1(b) by choosing M = N
and the smooth map to be the identity map on N . 
Theorem 1.1 (d) If N is Φ-SSU, then for every compact manifold
M , the homotopic class of any map from N into M contains elements
of arbitrarily small Φ-energy.
Lemma 4.4. If N is a manifold such that the infimum of the energy
is zero among maps homotopic to the identity and if M is a compact
manifold, then the infimum of the energy is zero in each homotopy class
of maps from N to M .
Proof of Lemma 4.4. Let K,M,N be three compact Riemannian man-
ifolds of dimensions k,m and n respectively, and K
ψ−→ M u−→ N be
smooth maps. Denote an m×m-matrix U with the i-j entry Uij given
by Uij = 〈du(ei), du(ej)〉 , and an k×k-matrix Ψ with the i-j entry Ψij
given by Ψij = 〈(dψ(ei), dψ(ej)〉M . Then the Φ-energy density eΦ(u)
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of u satisfies eΦ(u) =
1
4
∑m
i,j=1〈du(ei), du(ej)〉2 = 14trace(U · UT ) . Sim-
ilarly, eΦ(ψ) =
1
4
trace(Ψ ·ΨT ) , and
eΦ(u ◦ ψ) = 1
4
trace
(
(U ·Ψ) · (U ·Ψ)T )
=
1
4
trace
(
U · (Ψ ·ΨT ) · UT )
=
1
4
trace
(
(U · UT ) · (Ψ ·ΨT )).
Thus, if u : M → N be any smooth map, its composition with ψℓ :
M →M homotopic to the identity map onM and EΦ(ψℓ)→ 0 , as ℓ→
∞, then eΦ(ψℓ)→ 0 , as ℓ→∞, since EΦ(ψℓ) =
∫
M
eΦ(ψ
ℓ) dx . Hence,
each nonnegative entry (Ψℓij)
2 → 0 , where Ψℓij = 〈dψℓ(ei), dψℓ(ej)〉M .
For
∑m
i,j=1(Ψ
ℓ
ij)
2 → 0 . Or ∑mi,j=1(Ψℓij)2 6→ 0 , contradicting the hy-
pothesis EΦ(ψ
ℓ) → 0 , as ℓ → ∞ . It follows that each entry Ψℓij → 0 .
Furthermore, the sequence u ◦ ψℓ is homotopic to u with
Φ(u ◦ ψℓ) = 1
4
∫
M
trace
(
(U · UT ) · (Ψℓ · (Ψℓ)T )) dv
=
1
4
∫
M
m∑
s,i=1
(
(U · UT )si(Ψℓ · (Ψℓ)T )is
)
dv
=
1
4
∫
M
m∑
s,i=1
(( n∑
t=1
UstUit)(
m∑
j=1
ΨℓijΨ
ℓ
sj
))
dv
→ 0 as ℓ→∞ ,
since each Ψℓij → 0 and each Ust is bounded on M. 
Proof of Theorem 1.1 (d). This follows at once from Corollary 4.1 and
Lemma 4.4. 
5. Examples of Φ-SSU manifolds
Theorem 5.1. Let N be a hypersurface in Euclidean space. Then N is
Φ-SSU if and only if its principal curvatures satisfy
0 < λ1 ≤ λ2 ≤ · · · ≤ λn < 1
3
(λ1 + · · ·+ λn−1)
.
Proof. This follows by using the same method in proving theorem 3.3
in [38] or simplifying (1.5). 
36 YINGBO HAN AND SHIHSHU WALTER WEI
Corollary 5.1. The graph of f(x) = x21+· · ·+x2n , x = (x1, . . . , xn) ∈ Rn
is Φ-SSU if and only if n > 4.
Corollary 5.2. The standard sphere Sn is Φ-SSU if and only if n > 4.
Corollary 5.3. Let N be a hypersurface in Euclidean space. Then
(i) If N is Φ-SSU, then N is p-SSU for 2 ≤ p ≤ 4.
(ii) If N is p-SSU for p ≥ 4, then N is Φ-SSU.
(iii) N is Φ-SSU if and only if N is 4-SSU.
Proof. (i) and (ii) follow from Theorem 5.1, and Theorem 3.3 in [38],
which states that a Euclidean hypersurface of dimension n is p-SSU if
and only if its principal curvatures satisfy 0 < λ1 ≤ λ2 ≤ · · · ≤ λn <
1
p−1
(λ1 + · · ·+ λn−1). Combining (i) and (ii), we prove (iii). 
Theorem 5.2. Let N˜ be a compact convex hypersurface of Rq and N
be a compact connected minimal k-submanifold of N˜ . Assuming that
the principal curvatures λi of N˜ satisfy 0 < λ1 ≤ · · · ≤ λq−1. If〈
RicN(x), x
〉
> 3
4
kλ2q−1 for any unit tangent vector x to N , then N is
Φ-SSU.
Proof. By assumption, N is a submanifold of Rq. From Gauss equation,
we have
B(X,Y) = B1(X,Y) + B˜(X,Y)ν,(5.1)
where B,B1, and B˜ denote the second fundamental form of N in R
q, N
in N˜ , and N˜ in Rq respectively, and ν denotes the unit normal field of
N˜ in Rq. Since N is a minimal submanifold of N˜ , we have
k∑
i=1
B(ei, ei) =
k∑
i=1
B1(ei, ei) +
k∑
i=1
B˜(ei, ei)ν =
k∑
i=1
B˜(ei, ei)ν,(5.2)
where {ei}ki=1 is a local orthonormal frame on N such that B˜(ei, ej) =
λiδij.
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It follows from Gauss equation, (5.1), (5.2), and curvature assump-
tion that for any unit tangent vector x to N ,
Fy(x) =
k∑
i=1
(
4〈B(x, ei),B(x, ei)〉 − 〈B(x, x),B(ei, ei)〉
)
= −4〈RicN (x), x〉+ 3
n∑
i=1
〈B(x, x),B(ei, ei)〉
= −4〈RicN (x), x〉+ 3
k∑
i=1
B˜(x, x)B˜(ei, ei)
= −4〈RicN (x), x〉+ 3(λ1 + · · ·+ λk)B˜(x, x)
≤ −4〈RicN(x), x〉+ 3(λ1 + · · ·+ λk)λq−1
≤ −4〈RicN(x), x〉+ 3kλ2q−1 < 0,
Consequently, N is Φ-SSU. 
Lemma 5.1. ([29, 39]) Let Eq−1 be the ellipsoid given by
(5.3)
Eq−1 =
{
(x1, · · · , xq) ∈ Rq : x
2
1
a21
+ · · ·+ x
2
q
a2q
= 1, ai > 0, 1 ≤ i ≤ q
}
.
Suppose {λi}q−1i=1 is a family of principal curvatures of Eq−1 in Rq sat-
isfying 0 < λ1 ≤ · · · ≤ λq−1. Then we have
min1≤i≤q{ai}
(max1≤i≤q{ai})2 ≤ λ1 ≤ · · · ≤ λq−1 ≤
max1≤i≤q{ai}
(min1≤i≤q{ai})2 .(5.4)
Theorem 5.3. A compact minimal k-submanifold N of an ellipsoid Eq−1
in Rq with 〈RicN(x), x〉 > 3
4
(max1≤i≤q{ai})
2
(min1≤i≤q{ai})4
k for any unit tangent vector
x to N is Φ-SSU.
Proof. This follows at once from Theorem 5.3 and Lemma 5.1. 
Corollary 5.4. A compact minimal k-submanifold N of the unit sphere
Sq−1 with 〈RicN (x), x〉 > 3
4
k for any unit tangent vector x to N is
Φ-SSU. Thus N satisfies Theorem 1.1 (a), (b), (c), and (d).
Proof. This follows at once from Theorem 5.3 in which a1 = · · · = aq =
1 . 
Remark 5.1. The case N as in Corollary 5.4 satisfies Theorem 1.1 (a)
and (c) are due to S. Kawai and N. Nakauchi (cf. [18]).
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Theorem 5.4. Let N be a compact k-submanifold of the unit sphere
Sq−1 in Rq, k > 4, and Let B1 be the second fundamental form of N in
Sq−1. If
||B1||2 < k − 4√
k + 4
,
then N is Φ-SSU.
Proof. From (5.1) (in which N˜ = Sq−1) and Cauchy-Schwarz inequality,
for any unit tangent vector x to N , we have
Fy(x) =
k∑
i=1
(
4〈B(x, ei),B(x, ei)〉 − 〈B(x, x),B(ei, ei)〉
)
=
k∑
i=1
(
4〈B1(x, ei),B1(x, ei)〉 − 〈B1(x, x),B1(ei, ei)〉
)− (k − 4)
≤ 4
k∑
i=1
〈B1(x, ei),B1(x, ei)〉+ |B1(x, x)|
(∣∣ k∑
i=1
B1(ei, ei)
∣∣2) 12 − (k − 4)
≤ 4||B1||2 +
√
k|B1(x, x)|
( k∑
i=1
∣∣B1(ei, ei)∣∣2) 12 − (k − 4)
≤ (4 +
√
k)||B1||2 − (k − 4) < 0.
So we obtain that N is Φ-SSU. 
6. Φ-SSU manifolds, p-SSU manifolds, and Topology
Theorem 6.1. (i) Every Φ-SSU manifold N is p-SSU for any 2 ≤ p ≤ 4
(ii) Every compact Φ-SSU manifold N is 4-connected, i.e. π1(N) =
· · · = π4(N) = 0.
Proof. (i) From (1.5), we have
Fy(x) =
n∑
i=1
(
4〈B(x, ei),B(x, ei)〉 − 〈B(x, x),B(ei, ei)〉
)
< 0
(6.1)
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for all unit tanget vector x ∈ Ty(N). It follows that
Fp,y(x) = (p− 2)〈B(x, x),B(x, x)〉+
n∑
i=1
(
2〈B(,ei),B(x, ei)〉 − 〈B(x, x),B(ei, ei)〉
)
≤
n∑
i=1
(
p〈B(x, ei),B(x, ei)〉 − 〈B(x, x),B(ei, ei)〉
)
≤
n∑
i=1
(
4〈B(x, ei),B(x, ei)〉 − 〈B(x, x),B(ei, ei)〉
)
< 0,
for 2 ≤ p ≤ 4. So by (1.4), N is p-SSU for any 2 ≤ p ≤ 4.
(ii) Since every compact p-SSU is [p]-connected (cf. [37, Theorem
3.10 , p. 645]), (ii) follows from (i). 
As an immediate application of Theorem 6.1, we make the following
Remark 6.1. All examples of compact Φ-SSU manifolds as discussed in
Section 5, i.e., manifolds as in Theorems 5.3, 5.3, and 5.4 and Corol-
laries 5.2, and 5.4 are 4-connected.
7. The dimension of Φ-SSU manifolds
Now we recall a theorem in [38] states that the dimension of any
p-SSU manifold N is greater than p , p ≥ 2. Analogously, we have
Theorem 7.1. The dimension of any compact Φ-SSU manifolds N is
greater than 4.
First Proof: Following the idea in [38] by using a maximum principle,
we assume |B(x, x)|2 = max
y∈T̂yN
|B(y, y)|2 for a fixed point y ∈ N ,
where T̂yN is the set of all unit tangent vectors to N at the point y.
Let C(t) be a curve in T̂yN such that C(0) = x and C
′(0) = y. Define
ψ(t) = |B(C(t), C(t))|2. Then ψ′(0) = 0 yields 〈B(x, x),B(x, y)〉 = 0 for
all y ∈ T̂yN such that 〈x, y〉N = 0.
Now let {e1 = x, e2, · · · , en} be a local orthonormal frame of N near
y, and let C ′′(0) = c1x+ c2e2 + · · ·+ cnen . Then c1 = 〈C ′′(0), C(0)〉 =
−〈C ′(0), C ′(0)〉 = −1 and 〈B(C ′′(0), x),B(x, x)〉 = 〈B(c1x+ c2e2+ · · ·+
cnen, x),B(x, x)〉 = −〈B(x, x),B(x, x)〉 . Hence, by a maximum principle,
ψ′′(0) ≤ 0 which gives
|B(x, x)|2 ≥ 2|B(x, y)|2 + 〈B(x, x),B(y, y)〉(7.1)
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for all y ∈ T̂yN such that 〈x, y〉N = 0. Substituting y = ei into (7.1)
and summing over i from 2 to n, we have
0 ≥ −(n− 1)|B(x, x)|2 +
n∑
i=2
(
2|B(x, ei)|2 + 〈B(x, x),B(ei, ei)〉
)
.(7.2)
Since N is Φ-SSU, we have, via (1.5)
(7.3)
0 >
n∑
i=1
(
4〈B(x, ei),B(x, ei)〉 − 〈B(x, x),B(ei, ei)〉
)
= 3|B(x, x)|2 +
n∑
i=2
(
4|B(x, ei)|2 − 〈B(x, x),B(ei, ei)〉
)
.
Adding both sides of (7.2) and (7.3), we have
0 > (4− n)|B(x, x)|2 + 6
n∑
i=2
|B(x, ei)|2,(7.4)
so we have n > 4. 
Second Proof: If n ≤ 4 , then N is not an 4-SSU manifold, and hence
not a Φ-SSU manifold by Theorem 6.1. This completes the proof by
showing that if the dimension of a compact Φ-SSU manifold N is less
than or equal to 4, then N is not a Φ-SSU manifold. 
Remark 7.1. Theorem 7.1 is sharp, as Sn is not Φ-SSU for n ≤ 4 and
is Φ-SSU for n > 4 .
Theorem 7.2 (Sphere Theorem). Every compact Φ-SSU manifold N of
dimension n < 10 is homeomorphic to an n-sphere.
Proof. In view of Theorem 6.1, N is 4-connected. By the Hurewicz iso-
morphism theorem, the 4-connectedness of N implies homology groups
H1(N) = · · · = H4(N) = 0. It follows from Proincare Duality Theo-
rem and the Hurewicz Isomorphism Theorem ([28]) again, Hn−4(N) =
· · · = Hn−1(N) = 0, Hn(N) 6= 0 , n < 10 and N is (n − 1)-connected.
Hence N is a homotopy n-sphere, n < 10. Since N is Φ-SSU, n ≥ 5
by Theorem 7.1. Consequently, a homotopy n-sphere N for n ≥ 5 is
homeomorphic to an n-sphere by a Theorem of Smale ([27]). 
8. The identity map
The identity map on every Riemannian manifold M is p-harmonic
for 1 < p <∞ (cf. [37, Proposition 4.1, p.652]), and is Φ-harmonic by
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Corollary 2.3. Just as we study p-stability, p-index and p-nullity of the
identity map, so do we explore Φ-stability, Φ-index and Φ-nullity of the
identity map. We discuss their parallelisms in this section, following
the framework and ideas in [37].
The EΦ-Hessian of the identity map Id on Γ(Id
−1TM) is defined by
HEΦId (v, w) =
∂2EΦ(Ids,t)
∂t∂s
∣∣
(s,t)=(0,0)
.
Write the associated quadratic form
ϕ
Φ
(v) = HEΦId (v, v)(8.1)
for short. It follows from Corollary 2.4 that
(8.2)
HEΦId (v, w) =
∫
M
m∑
i,j=1
〈∇eiv, ej〉〈ei,∇ejw〉 dx
+ 2
∫
M
m∑
i=1
〈∇eiv,∇eiw〉 dx−
∫
M
〈RicM(v), w〉 dx.
In view of (2.2) and the definition of curvature tensor R, we have
(8.3)
div(∇vv)− v(div v)− 〈RicM(v), v〉
= div(
m∑
i=1
〈∇vv, ei〉ei)−
m∑
i=1
〈ei,∇v∇eiv〉 −
m∑
i=1
〈R(ei, v)v, ei〉
= div(
m∑
i=1
〈∇vv, ei〉ei)−
m∑
i,j=1
〈v, ej〉〈ei,∇ej∇eiv +R(ei, ej)v〉
=
m∑
i=1
ei〈ei,∇vv〉 −
m∑
i,j=1
〈v, ej〉〈ei,∇ei∇ejv〉
=
m∑
i,j=1
ei(〈v, ej〉〈ei,∇ejv〉)−
m∑
i,j=1
〈v, ej〉(ei〈ei,∇ejv〉)
=
m∑
i,j=1
(ei〈v, ej〉)〈ei,∇ejv〉
=
m∑
i,j=1
〈∇eiv, ej〉〈ei,∇ejv〉,
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Integrating (8.3) over M , and applying the Divergence Theorem we
have
∫
M
m∑
i,j=1
〈∇eiv, ej〉〈ei,∇ejv〉 dx =
∫
M
−v(div v)− 〈RicM(v), v〉 dx .
(8.4)
Since Lvg(X, Y ) = 〈∇Xv, Y 〉+〈X,∇Y v〉, where g is the Riemannian
metric on M and Lvg is the Lie derivative of g in the direction of v ,
(8.5)
1
2
|Lvg|2 = 1
2
m∑
i,j=1
(〈∇eiv, ej〉+ 〈ei,∇ejv〉)(〈∇eiv, ej〉+ 〈ei,∇ejv〉)
=
m∑
i=1
〈∇eiv,∇eiv〉+
m∑
i,j=1
〈∇eiv, ej〉〈∇ejv, ei〉.
Following Eells-Lemaire ([10]), let ♭ denote the bundle isomorphism
from T (M) to T ∗(M) and ♯ denote its inverse, where the metric on M
is used. We define the differential d, codifferential d
∗
and Laplacian
−∆ of v ∈ Γ(T (M)) as
dv = (dv♭)♯, d
∗
v = d∗v♭, −∆v = (−∆v♭)♯,(8.6)
where −∆ denotes the de Rham-Hodge operator on 1-forms.
Then
(8.7)
v(div v) = v
m∑
i=1
〈∇eiv, ei〉 = v
m∑
i=1
(∇eiv♭)(ei) = v(−d∗v♭)
=
(
d(−d∗v♭))(v) = −〈dd∗v♭, v♭〉 which implies∫
M
v(div v) dx = −
∫
M
〈d∗v♭, d∗v♭〉 dx = −
∫
M
〈d∗v, d∗v〉 dx.
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Theorem 8.1.
ϕ
Φ
(v) =
∫
M
(
2
m∑
i=1
〈∇eiv,∇eiv〉
)− v(div v)− 2〈RicM(v), v〉 dx(8.8)
=
∫
M
|Lvg|2 + v(div v) dx(8.9)
=
∫
M
(
2
m∑
i=1
〈∇eiv,∇eiv〉
)
+ 〈d∗v, d∗v〉 − 2〈RicM(v), v〉 dx(8.10)
=
∫
M
−2〈△v, v〉 − v(div v)− 4〈RicM(v), v〉 dx.(8.11)
Proof. Combining (8.1),(8.2) and (8.4), we obtain (8.8). (8.9) follows
from (8.8), (8.5) and (8.4). Substituting (8.7) into (8.8), we have (8.10).
By using the Weitzenbo¨ck formula for the Laplacian on 1-forms, we
have
(8.12) −△v = −
m∑
i=1
∇ei∇eiv + RicM(v).
∫
M
2
m∑
i=1
〈∇eiv,∇eiv〉 dx =
∫
M
−2〈
m∑
i=1
∇ei∇eiv, v〉 dx.(8.13)
Substituting (8.13) into (8.8) and applying (8.12), we have (8.11). 
Since the eigenspace of −△ is finite dimensional, based on Proposi-
tion 8.1, if M is an Einstein manifold, we identify the following:
Definition 8.1. The Φ-index of Id : M→ M , denoted by Φ-index(IdM)
is the dimension of the largest subspace of Γ(Id−1TM) on which HΦId
is negative-definite and Φ-nullity of Id : M → M , denoted by Φ-
nullity(IdM) is the dimension of the subspace of Γ(Id
−1TM) formed by
the elements v such that HEΦId (v, ω) = 0 for all ω ∈ Γ(Id−1TM). The
identity map Id is said to be Φ-stable if Φ-index of Id is zero.
We prove that the identity map on any compact manifold M with
RicM ≤ 0 is p-stable and p-nullity(IdM) ≤ m for p > 1 . (cf. [37]
Theorem 5.14, p.656). In parallel,
Theorem 8.2. Let M be a compact manifold with RicM ≤ 0. Then Id
is Φ-stable and Φ-nullity(IdM) ≤ m.
Proof. The stability follows immediately from (8.10). If RicM ≤ 0 and
IΦId(v, v) = 0, then by (8.10) v is parallel. This completes the proof. 
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Theorem 8.3. The identity map on very compact manifold M which
supports a nonisometric, conformal vector field v is Φ-unstable for m >
4, and is p-unstable for 1 < p < m .
Proof. Since the vector field v on M is conformal if and only if Lvg =
− 2
m
(div v)g, |Lvg|2 = 4m(div v)2 (cf. e.g. [37]). It follows from the equa-
tion (8.7) that
∫
M
v(div v) dx = − ∫
M
〈d∗v♭, d∗v♭〉 dx = − ∫
M
(div v)2 dx.
Substituting this into (8.9), we have
ϕΦ(v) =
∫
M
4−m
m
(div v)2 dx ≤ 0.
If v is nonisometric conformal, we have div v 6= 0 and HΦId(v, v) < 0.
The last assertion for 1 < p < m is a result in [37, p.656] . 
Corollary 8.1. Every compact homogenous space of dimension m > 4
can be given a metric for which IdM is Φ-unstable.
Proof. Given a one-parameter group of isometries {ut} for the metric on
M , one can construct a new metric under which {ut} is only conformal
(cf. [19], p. 310). 
Corollary 8.2. Every compact manifoldM which possesses at least one
parameter group of isometries admits a metric for which Id : M → M
is Φ-unstable for m > 4.
Remark 8.1. Analogous to Corollaries 8.1 and 8.2, every compact ho-
mogenous space of dimension m > p can be given a metric for which
IdM is p-unstable, and every compact manifold M which possesses
at least one parameter group of isometries admits a metric for which
Id :M →M is p-unstable for p < m (cf. [37, 5.11 and 5.12, p. 653]).
The scalar curvature of M , denoted by ScalM , is the trace of the
Ricci curvature operator on M.
Proposition 8.1. Let M be a compact manifold with 〈RicM(v), v〉M =
1
m
ScalM , for every unit vector v at every point of M . Then IdM is
Φ-unstable if and only if λ1 <
4
3m
ScalM .
In contrast, the identity map on a compact Einstein manifold M
is p-unstable if and only if λ1 <
2
m+p−2
ScalM (cf. [37, Theorem 5.1,
p.654]).
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Proof. Proceed as in [37], if (f, λ) is an eigenpair with λ < 4
3m
ScalM ,
then by (8.6), v = (df)♯ is a vector field satisfying
−△v =
(
−∆((df)♯)♭)♯ = (d(−∆)f)♯ = λv
and via (8.7), we have
v(div v) = 〈∆df, df〉 = −〈λdf, df〉 = −λ〈df, df〉 = −λ〈(df)♯, (df)♯〉.
(8.14)
Substituting (8.14) into (8.11) yields
(8.15) ϕΦ
(
(df)♯
)
= 3
∫
M
(λ− 4
3m
ScalM)|(df)♯|2 dx < 0,
that is, Id : M → M is Φ-unstable.
Conversely, if v ∈ Γ(TM) satisfies −∆v = λv with λ < 4
3m
ScalM ,
then its Hodge decomposition v♭ = df + σ with d∗σ = 0
(
hence
div(σ♯) =
∑m
i=1(∇eiσ)(ei) = −d∗σ = 0
)
. Since df and σ lie in or-
thogonal subspaces invariant by ∆, −∆df = λdf , −∆σ = λσ, and
hence −∆(σ♯) = λσ♯. We claim that σ ≡ 0, for otherwise, via (8.7)
and (8.11)
ϕΦ(σ
♯) =
∫
M
2(λ− 2
m
ScalM)|σ♯|2 dx < 0.(8.16)
On the other hand, via (8.9) and (8.7) we have
ϕΦ(σ
♯) =
∫
M
|Lσ♯g|2dvg ≥ 0,(8.17)
which is a contradiction.
We conclude that v = (df)♯; Indeed, by (8.15) ϕΦ
(
(df)♯
)
< 0. Since
d(−∆f) = d(λf), by adding a suitable constant, we have −∆f =
λf . In conclusion the set on which ϕ is negative is generated by the
differentials of eigenfunctions λ of −∆ with positive eigenvalues λ <
4
3m
ScalM . 
Recall
Proposition 8.2. (c.f. (2.8) in [30], p.233) If M is an Einstein m-
manifold with Ricci tensor = c 〈 , 〉M for some c ∈ R, then c = 1m ScalM
Let λ(r)=♯{eigenvalues λ of −△ : 0 < λ < r} and m(r) is the mul-
tiplicity of r (with m(0) defined to be 0). Then we have the following
result:
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Theorem 8.4. Let M be a compact oriented Einstein manifold with
〈RicM(v), v〉M = c for every unit vector v at every point of M , where
c ∈ R is a constant. Then we have (a) Φ-index(IdM) = λ(4c3 ),
(b) Φ-nullity(IdM) = dim(i) +m(
4c
3
),
(c)([37]) p-index(IdM) = λ(
2mc
m+p−2
),
(d)([37]) p-nullity(IdM) = dim(i) +m(
2mc
m+p−2
),
where i denotes the algebra of infinitesimal isometries, i.e. of vector
fields v satisfying Lvg = 0.
Proof. (a) From Proposition 8.1 and c = Scal
M
m
,
Φ -index(IdM) = λ(
4 Sca lM
3m
) = λ(
4c
3
).
(b) Since HEΦId is a bilinear two form, we only need to find the dimension
of the space {v : HEΦId (v, v) = 0}. From (8.9), (8.7) and Proposition
8.1, we have
dim{v : HEΦId (v, v) = 0} = dim(i) +m(
4c
3
).(8.18)

9. Compact irreducible Φ-SSU homogeneous space
Theorem 9.1. Let M = G/H be a compact irreducible Riemannian ho-
mogeneous space with first eigenvalues λ1 and scalar curvature Scal
M .
The following four statements (A) through (D) are equivalent.
(A) λ1 <
4
3m
ScalM .
(B) M is Φ-U; i.e., The identity map on M is Φ-unstable.
(C) M is Φ-SU.
(D) M is Φ-SSU.
Proof. Assume λ1 <
4
3m
ScalM . Then λ1 <
2
3
. For the Cartan-Killing
metric g0 on M has Scalar curvature Scal
M = m
2
. Let M1 denote M
with the metric g1 =
λ1
m
g0 . Then Scal
M1 = m
2
2λ1
, RicM1 ≡ m
2λ1
, and by
Takahashi Theorem, there exists an isometric minimal immersion of
(M1, g1) in the unit sphere (cf. [31]); so
3m
4
− RicM1 = 3m
4
− m
2λ1
=
m
2
(
3
2
− 1
λ1
)
< 0.
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It follows from Corollary 5.4 that M1 = (M,
λ1
m
g0) is Φ-SSU. Since the
metric change from λ1
m
g0 to g0 does not change the sign of (1.5) and
hence by Definition 1.3 preserves (M, g0) to be Φ-SSU. We conclude
that (A) ⇒ (D) . It follows from Theorem 1.1.(a), (b), (c), (d) that (D)
⇒ (C) . That (C) ⇒ (B) is obvious.
Since a compact irreducible homogeous space M is an Einstein man-
ifold, (B) ⇒ (A) follows from Proposition 8.1 . 
Acknowledgements: This work was written while the first author
visited Department of Mathematics of the University of Oklahoma in
USA. He would like to express his sincere thanks to Professor Shihshu
Walter Wei for his help, hospitality and support.
References
[1] T. Aubin, quations differentielles non linaires et problme de Yamabe concer-
nant la courbure scalaire, J. Math. Pures Appl., (9) 55 (1976), 269-296.
[2] Caffarelli, L.; Nirenberg, L.; Spruck, J. Nonlinear second order elliptic equa-
tions. Iv. Starshaped compact Weingarten hypersurfaces. Current topics in
partial differential equations, 1-26, Kinokuniya, Tokyo, 1986.
[3] S-Y. A. Chang and P.C. Yang, The inequality of Moser and Trudinger and
applications to conformal geometry. Dedicated to the memory of Jrgen K.
Moser. Comm. Pure Appl. Math. 56 (2003), no. 8, 1135-1150.
[4] P. Delanoe¨, Plongements radiaux Sn →֒ Rn+1 courbure de Gauss positive
prescrite. (French) [Radial embeddings Sn →֒ Rn+1 with prescribed positive
Gauss curvature] Ann. Sci. cole Norm. Sup. (4) 18 (1985), no. 4, 635-649.
[5] B.-Y. Chen and S.W. Wei, Sharp growth estimates for warping functions in
multiply warped product manifolds, J. Geom. Symmetry Phys. 52 (2019) 27-46;
arXiv:1809.05737.v1.
[6] Y.X. Dong; H. Lin; S.W. Wei, L2 curvature pinching theorems and vanishing
theorems on complete Riemannian manifolds, to appear in Tohoku Math. J.
71 (2019); arXiv:1604.04862.
[7] Y. X. Dong and S.W. Wei, On vanishing theorems for vector bundle valued
p-forms and their applications, Comm. Math. Phy. 304, no. 2, (2011), 329-368.
arXive: 1003.3777
[8] J. Eells, L. Lemaire, A report on harmonic maps, Bull. Lond. Math. Soc.
10(1978) 1-68.
[9] J. Eells, L. Lemaire, Another report on harmonic maps, Bull. Lond. Math.
Soc. 20(1988) 385-524.
[10] J. Eells, L. Lemaire, Selected topics in harmonic maps, CBMS Regional Conf.
Series Number 50.
[11] M.H. Freedman, The topology of four dimensional manifolds, J. Diff. Geom.
17(1982) 357-454.
48 YINGBO HAN AND SHIHSHU WALTER WEI
[12] R. Howard, S.W. Wei, Nonexistence of stable harmonic maps to and from
certain homogeneous spaces and submanifolds of Euclidean space, Trans. of
Amer. Math. Soc., 294(1986) 319-331.
[13] R. Howard and S.W. Wei, On the existence and nonexistence of stable sub-
manifolds and currents in positively curved manifolds and the topology of sub-
manifolds in Euclidean spaces. Geometry and topology of submanifolds and
currents, 127–167, Contemp. Math., 646, Amer. Math. Soc., Providence, RI,
2015.
[14] R. Howard and S.W. Wei, On the existence and nonexistence of stable sub-
manifolds and currents in positively curved manifolds and the topology of sub-
manifolds in Euclidean spaces. Geometry and Topology of Submanifolds and
Currents, Contemp. Math., 646 (2015), 127-167.
[15] Z.R. Jin, A counterexample to the Yamabe problem for complete noncompact
manifolds”, Lect. Notes Math., 1306 (1988), 93-101.
[16] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry I, Inter-
science, New York (1969)
[17] S. Kawai, N. Nakauchi, Some result for stationary maps of a functional related
to pullback metrics, Nonlinear analysis, 74 (2011) 2284-2295.
[18] S. Kawai, N. Nakauchi, Stationary maps of a functional related to pullbacks
of metrics, Diff. Geo. and its Appli., 44(2016) 161-177.
[19] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry I, Inter-
science, New York (1969)
[20] H.B. Lawson, Lectures on minimal submanifolds, vol.1, Publish or Perish,
Berkeley, Calif., 1980.
[21] H.B. Lawson and J. Simons, On stable currents, and their application to global
problems in real and complex geometry, Ann. of Math 110 (1979), 127-142.
[22] P.F. Leung, On the stability of harmonic maps, in: Harmonic maps, in: Lecture
Notes in Math., vol 949, Springer-verlag, 1982, 122-129.
[23] N. Nakauchi, A variational problem related to conformal maps, Osaka J. Math.
48(2011) 719-741.
[24] N. Nakauchi, Y. Takenaka, A variational problem for pullback metrics,
Ricerche Mat. 60(2011) 219-235.
[25] V. I. Oliker, Hypersurfaces in Rn+1 with prescribed Gaussian curvature and
related equations of Monge-Ampre type. Comm. Partial Differential Equations
9 (1984), no. 8, 807-838.
[26] R. Schoen, Conformal deformation of a Riemannian metric to constant scalar
curvature”, J. Differential Geom., 20: (1984), 479-495.
[27] S. Smale, Generalized Poincare´ conjecture in dimension greater than four, Ann.
of Math. 74(1961) 391-406.
[28] E. Spanier, Algebraic Topology, McGraw-Hill.
[29] Y.B. Shen, Y.L. Pan, Harmonic maps of ellipsoids,(in Chinese), Mathematica
Acta Scientia, 6(1986), 71-75.
[30] R.T. Smith, The second variational formula for harmonic mapping, Proc.
Amer. Math. Soc. 47 (1975), 229-236.
[31] T. Takahashi Minimal immersions of Riemannian manifolds. J. Math. Soc.
Japan 18 1966 380-385.
Φ-HARMONIC MAPS AND Φ-SUPERSTRONGLY UNSTABLE MANIFOLDS 49
[32] N.S. Trudinger, Remarks concerning the conformal deformation of Riemannian
structures on compact manifolds, Ann. Scuola Norm. Sup. Pisa (3), 22: (1968),
265-274.
[33] A.E. Treibergs, S.W. Wei, Embedded hyperspheres with prescribed mean cur-
vature. J. Differential Geom. 18 (1983), no. 3, 513-521.
[34] S.W. Wei, An average process in the calculus of variations and the stability of
harmonic maps. Bull. Inst. Math. Acad. Sinica 11 (1983), no. 3, 469-474.
[35] S.W. Wei, On topological vanishing theorems and the stability of Yang-Mills
fields. Indiana Univ. Math. J. 33 (1984), no. 4, 511-529.
[36] S.W. Wei, An extrinsic average variational method, Recent developments in
geometry (Los Angeles, CA, 1987), Contemp. Math. vol 101, Amer. Math.
Soc., Providence, RI, (1989), 55-78.
[37] S.W. Wei, Representing homotopic group and spaces of maps by by p-harmonic
maps, Indiana Univ. Math. J. 47 (1998), no. 2, 625-670.
[38] S.W. Wei and C.M. Yau, Regularity of p-energy minimizing maps and p-
superstrongly unstable indices J. Geom. Analysis 4, (2)(1994) 247-272
[39] L.N. Wu, S.W. Wei, J. Liu and Y. Li, Discovering geometric and topologi-
cal properties of ellipsoids by curvatures, British J. of Math. and Cumputer
Science, 8(4)(2015) 318-329.
[40] Y.L. Xin, Some results stable harmonic maps, Duke Math. J. (1980) 609-613.
[41] S.T. Yau, Problem section. Seminar on Differential Geometry, pp. 669-706,
Ann. of Math. Stud., 102, Princeton Univ. Press, Princeton, N. J., 1982.
School of Mathematics and Statistics, Xinyang Normal University,
Xinyang, 464000, Henan, P. R. China
E-mail address : yingbohan@163.com
Department of Mathematics, University of Oklahoma, Norman, Ok-
lahoma 73019-0315, U.S.A.
E-mail address : wwei@ou.edu
